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Abstract 

We study formal expansions of asymptotically flat solutions to the static 
vacuum field equations which are determined by minimal sets of freely spec- 
ifyable data referred to as 'null data'. These are given by sequences of sym- 
metric trace free tensors at space-like infinity of increasing order. They are 
1 : 1 related to the sequences of Geroch multipoles. Necessary and sufficient 
growth estimates on the null data are obtained for the formal expansions to 
be absolutely convergent. This provides a complete characterization of all 
asymptotically flat solutions to the static vacuum field equations. 

PACS: 04.20.Ex, 04.20.Ha 



1 Introduction 



In this article will be given a characterization of the asymptotically fiat, static solutions 
to Einstein's vacuum field equations Ric[g] = 0. We thus consider Lorentz metrics which 
take in coordinates suitably adapted to a hypersurface orthogonal, time-like Killing field 
K the form 

g = v^dt^ + h, v^v{x'=), h = habix") dx" dx^ , (1.1) 

where h denotes a negative definite metric on the time slices Sc = {t = c = const.} and the 
Killing field is given hy K = dt- In this representation Einstein's vacuum field equations 
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reduce to the static vacuum field equations 



Rab[h] = -DaDbV, A^w = on S = ~Sq. (1.2) 

It will be assumed that 5* is difFcomorphic to the complement of a closed ball Bii{0) in 
with a difFeomorphism whose components define coordinates x"", a = 1,2,3, on S in which 
the asymptotic flatness condition^ 

hac= + Sac + Ok{\x\-'^'+'^). v = l-^ + Ok{\x\-^'+'^) as Ixl^oo, 

V m J fI 

(1-3) 

is realized with some e > and fc > 2, where | . | denotes the standard Euclidean norm. 

Solutions to equations (|1.2|l satisfying the fall-off conditions H1.3|l have been charac- 
terized by Reula (UHl) and Miao (JHI) in terms of boundary value problems for the static 
field equations where the data are prescribed on the sphere 95*, which encompasses the 
asymptotic end. 

Our interest in static solutions comes, however, from the observation that for vac- 
uum solutions arising from asymptotically flat, time symmetric initial data asymptotic 
smoothness at null infinity appears to be related to asymptotic staticity of the data at 
space-like infinity (jj^, jUl). To analyse this situtation we wish to control the static 
vacuum solutions in terms of quantities defined at space-like infinity. 

Another reason for giving such a characterization results from the work by Corvino 
(01 El) J Corvino and Schoen ([7|), and Chrusciel and Delay ([S], 0|). These authors 
deform given asymptotically flat vacuum data outside prescribed compact sets to vacuum 
data which are exactly static or stationary near or asymptotically static or stationary at 
space-like infinity and use such data to discuss the existence of null geodesically complete 
solutions which have a smooth asymptotic structure at null infinity. To assess the scope of 
these results it is desirable to have a complete description of the asymptotically flat static 
vacuum solutions in terms of asymptotic quantities. 

A characterization of this type has been suggested by Geroch by giving a definition 
of multipole moments for static solutions (dJ). He assumes the metric h to admit a 
smooth conformal extension in the following sense. With an additional point i, which is to 
represent space- like infinity, the set S = SU{i} is assumed to acquire a smooth differential 
structure which induces on S the given one, which makes 5* diffeomorphic to an open ball 
in M."^ with the center representing i, and which admits a function £ C^(5) n C°°{S) 
with the properties 

n>0 on S, (1.4) 
hab = hab extends to a smooth negative definite metric on 5", (1-5) 

rj = 0, Dail^O, DaDb^ = -2hab at i, (1.6) 

^The terms Ofc(|a;|~*^^+'^)) behave like 0(|a::|^'-^+''^-'^) under differentiations of order 
3 < k. 
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where D denotes the covariant derivative operator defined by h. We note that these 
conditions are preserved under rescahngs h ^ -d^ h, fl —* fl with smooth positive 
functions i) satisfying = 1. 

With these assumptions Geroch defines a sequence of tensor fields P, Pa, Pa2ai, ■ ■ ■ 
near i by setting^ 

P=n-'/^l-v), Pa=DaP, Pa2a^=C{Da2Pa^-\pRa2a,), 



Pap^i...ai — C{Dap^iPap...ai Cp Pap^i...a3 Ra2ai) , with Cp — ^ , p — 2, 3, 



p{2p-l) 
2 

where Rab denotes the Ricci tensor of hab and C the projector onto the symmetric, trace 
free part of the respective tensor fields. The multipolc moments are then defined as the 
tensors 

J/ = P(i), iyap...ai ^ Pap...aA'i), P= 1,2,3,..., 

at i. Setting aside the monopole v, we will denote the remaining series of multipoles by 

T^mp — {^an ^^0201, ^"0302017 ■ ■ ■}• (-'-•'^) 

The problem of characterizing solutions to a quasi-linear, gauge-elliptic system of 
equations of the type (|1.2(l by a minimal set of data given at an ideal point representing 
space-like infinity is unusual and certainly quite different from a standard boundary value 
problem for (|1.2|l . There are available some results which go into this direction but little 
has been done on the general question of existence. 

Miiller zum Hagen has shown that solutions v, hab to (|1.2() are real analytic in h- 
harmonic coordinates ((SIl)- The question to what extent the multipoles introduced above 
determine the metric hab and the function v raises the question whether this metric is real 
analytic even at i in suitable coordinates and conformal scalings. Beig and Simon C?) have 
shown (under assumptions which have been relaxed later by Kennefick and O'Murchadha 
[T7|) that the rescaled metric does indeed extend in a suitable gauge as a real analytic 
metric to i if it is assumed that the ADM mass satisfies 



m ^ 0. (1.8) 

We shall assume this result in the following and shall not go through the argument again, 
though its structural basis will be pointed out in passing. Beig and Simon also provide an 
argument which esssentially shows that given sets of multipoles determine unique formal 
expansions of 'formal solutions' to the static vacuum field equations. 

For axisymmetric static vacuum solutions, which are special in admitting explicit 
descriptions (|26|). the question under which assumptions a sequences of multipoles does 
indeed determine a converging expansion of a static solution has been studied by Backdahl 
and Herberthson (PP). For the general case, for which the freedom to prescribe data is 
much larger, this problem has never been analysed. For this reason the results referred to 
above remained essentially of heuristic value. 

^We depart from the convention of by changing the sign of P. 
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It is the purpose of this article to derive, under the assumption (|1.8|l . necessary and 
sufficient conditions for certain minimal sets of asymptotic data, denoted collectively by 
Vn and referred to as null data, to determine (unique) real analytic solutions and thus 
to provide a complete characterization of all possible asymptotically flat solutions to the 
static vacuum field equations. The behaviour of these solutions in the large will not be 
studied here. We shall only be interested in what could be called 'germs of static solutions 
at space-like infinity', for which S may comprise only a neighbourhood of the point i which 
is quite small in terms of h (in terms of h they cover still infinite domains extending to 
space- like infinity). 

While the multipoles above are defined for any conformal gauge, it will be concenient 
for our analysis to remove the conformal gauge freedom. As shown below, the metric 
h = fl^ h defined with the preferred gauge 

on a suitable neighbourhood S of space-like infinity, can be extended with H1.4|l - H1.6|l 
in suitable coordinates to a real analytic metric at i. The metric so obtained satisfies 
R[h] — on S. In this gauge we get with the notation above 

m 

P 772, Pa Pa2ai ^ -^0201 ; (-^•^) 

Paj,4^i...ai = C{Daj,j_^Paj,...ai ~ Cp Pap^i...a3 SaaOi), P = 2, 3, . . . , (1-10) 

where Sab denotes the trace free part of the Ricci tensor of h. In the given gauge we 
consider now the set 

){i), CiDa^Da^Sa^aJii), C (Da^^Da^Da^Sa^aJii) , }• 

Given 771 ^ and the sequence I?„ associated with h, one calculate the multipoles of 
h and vice versa. The sets Vn and Vmp thus carry the same information, but Vn is easier 
to work with because the expressions are linear in the curvature. 

Let now Ca, a — 1,2,3, be an /i-orthonormal frame field near i which is /i-parallely 
propagate along the geodesies through i and denote the covariant derivative in the direction 
of Ca by _Da. We express the tensors in I?„ in terms of this frame and write 

(1.11) 

We note that these tensors are defined uniquely up to a rigid rotation Ca ^ s"^ a Cc with 
(s°a) G 0(3, M). These data will be referred to as the null data of h in the frame Cu- 
lt will be shown that if these data are derived from an real analytic metric h near i 
there exist constants M, r > so that the components of these tensors satisfy the Cauchy 
estimates 

|C(Da, ... i?aiSbc)(i)| < ap,...,ai,b,c = 1,2,3, p = 0,l,2,.... 

Conversely, we get the following existence result. 
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Theorem 1.1 Suppose to ^ and 

T^n = {V'a2ai, V'a3a2ai , V'a4a3a2ai j •■■ }; (1-12) 

is a infinite sequence of symmetric, trace free tensors given in an orthonormal frame at 
the origin of a S- dimensional Euclidean space. If there exist constants M,r > such that 
the components of these tensors satisfy the estimates 

Mpl 

IV'ap ... aibcl < ap, ... ,ai,b,c = 1,2,3, p = 0,l,2,..., 

then there exists a germ {h, v) of an analytic, asymptotically flat, static vacuum solution 
at space-like infinity with ADM mass m, unique up to isometrics, so that the null data 

implied by h = (^j^^ h in a suitable frame Ca as described above satisfy 

^(i'a, ■ ■ • £'a3'Sa2ai)(i) = V'a, ... ai, 9=2,3,4,... . 

A series of data of the form (|1.12|l (not necessarily satisfying any estimates) will in the 
following be referred to as abstract null data. The type of estimate imposed here on the 
abstract null data does not depend on the orthonormal frame in which they are given (cf. 
the discussion leading to (|7.3U|) ). Since these estimates are necessary as well as sufficient, 
all possible germs of asymptotically flat static vacuum solutions at space-like infinity are 
characterized by this result. 

The proof of the result above will be given in terms of the conformal metric hab- 
For this purpose equations (|1.2|l are reexpressed in chapter|21as 'conformal static vacuum 
field equations' for hab and fields derived from hab and v. In chapter |2| it is shown by a 
direct argument that in a certain setting a set of abstract null data defines the expansion 
coefficients of a formal expansion of a solution to these equations uniquely. Showing the 
convergence of the series so obtained appears difficult, however. Using the analyticity of 
the solutions to the conformal static vacuum field equations at the point i, we study in 
chapter 0] their analytic extensions into the complex domain. Denote by A/i the 'cone' 
with vertex at i generated by the complex null geodesies through the point i. The null 
data are then represented by a function on A/i, the component of the Ricci tensor obtained 
by contracting it with the null vector tangent to Mi. In this setting the original problem 
assumes the form of a characteristic initial value problem with data prescribed on A/i. 

We wish to obtain the equations in a form which allows us to derive from prescribed es- 
timates on the null data appropriate estimates on the expansion coefficients. This requires 
a choice of gauge which is suitably adapted to Afi . Because of the vertex, any such gauge 
will necessarily be singular at a certain subset of the manifold. The manifold S considered 
in chapter 2] organizes the singularity in a geometric way. In chapter[Slthe conformal static 
vaccum field equations are considered on S, and it is shown how to determine a formal 
solution to the complete set of conformal field equations from a given set of abstract null 
data. The convergence of the series so obtained is shown in chapter El Making use of the 
Lemmas proven in the previous chapters, this result is translated in chapter into a gauge 
which is regular near i and allows us to prove Theorem ll.il A translation of the estimates 
on the null data into equivalent estimates on the multipoles and a generalization of the 
present result to stationary solutions will be discussed elsewhere. 
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2 The static field equations in the conformal 
setting 

The existence problem will be analysed completely in terms of the conformally rescaled 
metric. We begin by describing the conformal gauge and then express the static field 
equations in terms of the conformal fields. This discussion follows essentially that of jj^] 
and [H]. 

2.1 The choice of the conformal gauge 

Consider a situation as described by conditions H1.4|) - H1.6|l . If the metric h is asymptot- 
ically flat and has vanishing Ricci scalar R[h] on S the function satisfies (cf. |14p 



(Ah - lR[h]) {n-^/^) = on S and r n'^/^ 1 



0, 



where r denotes the /i-distance from i. Sufficiently close to i one obtains the representation 

with smooth functions C and W satisfying 

{Ah-^R[h])W = 0, (2.1) 

and 

C(i) = 0, DaC{^) = 0, DaDbCii) = -2Kb. (2.2) 

The functions C and W are real analytic if the metric h is real analytic. In Beig and 
Simon consider static vacuum metrics in the form 

g = e^^ dt^ + e-^ ^ hab dx" dx" , 

related to by w = e*^ and hab = hab, and show that the function = [U /rnf' and 
the metric 

h'^^, = up- hab = f^'^ hab with Q' = uje^, (2.3) 

extend in /I'-harmonic coordinates near i to real analytic fields at i so that il' satisfies 
requirements (|1.4|l - (|l.t)|) with the /I'-covariant derivative operator D' . 

It follows that 0'-i/2 ^ (^'-1/2 4. 14/' ^ith C' = and W ^^^^^ttf^ (lEl)- 

Assume 5 to be chosen so that U ^ on S. Rescaling with i? = W /W'{i) > on S' gives 

h^^'^h' ^ri^h with n^-d^ n\ 

where the conformal factor can be written 

n = (^—^^ on 5. (2.4) 
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Because of equations (I2.1f) the metric h has then vanishing Ricci scalar 

R[h] = on S, (2.5) 

and it follows that 

= C'^^ + W, (2.6) 

where 

1 /I N 2 



w = -, C = -[yT-v) ^'-'^ 

The fields h and ( are real analytic on S and the functions W and C satisfy H2.ll) . (|2.2|l . 
In the following the gauge 1)2.41) and thus (|2.5() - H2.7() will be assumed. 

2.2 The conformal static vacuum field equations 

The function satisfies on S the equation 

A/.(r^/') =4 7r5„ (2.8) 
where 6i denotes the Dirac distribution with weight 1 at i. This equation implies 

2Cs = DaCD''C on S with s=\AhC, (2.9) 

which, together with (|2.2|) . implies in turn the equation above. The function ^^^/^ can be 
characterized as a fundamental solution of Ah with pole at i so that C is real analytic on 
S and satisfies (|2.2|l . It is uniquely determined by /i because the expansion coefficients of 
C in /i-normal coordinates centered at i are recursively determined by (|2.2|l . (|2.9() . 

We derive now a representation of the static vacuum field equations (|1.2() in terms of 
the conformal metric h and fields derived from it. With 1)2.5)1 follows 

Rab[h] = Sab, (2.10) 

where Sob is a trace free symmetric tensor field. The first of equations p. 2)1 implies in the 
gauge ()2.4)l 

0^j:ab = DaDbC~S hab + C (1 - C) Safe, (2.11) 

with s as in ()2.9)1 . With the Bianchi identity D°'Sab — the integrability conditions 

- Sea, *^ ^ ^ {^[c: ^a]f) + 2 -^"^ ^'^ajf' 

for the overdetermined system 1)2.11)1 take the form 

= Sa=DaS+{\-^JLC,)SabD'^C, (2.12) 

and 

= Hcab ^ (1 - l^Q)D[cSa\b - M (2L»[cCSa]6 + D'^ Q S d[c h a]b) ■ (2.13) 
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We note that this can be read as an expression of the Cotton tensor B^ca — -D[c-Ra]f) ~ 
J D[^R ha]b in terms of the undifferentiated curvature. Its duahzed version reads by H2.13|l 

Bab - ^ Bacd €b = Y^^isda ""i^cC - \ Sde eba ""D^C). (2.14) 

Equations ifTTUIl . (EHH), ifTT^ . together with conditions which imply 

s{i) = ~2, (2.15) 

will be referred to as the conformal static vacuum field equations for the unknown fields 

h, C, s, Sab- (2-16) 

The second of equations (|1.2|) implies that R[h] ~ and can thus also be read as the 
conformally covariant Laplace equation for v. With the conformal covariance of the latter 
and H2.4|) . H2.5|l . ()2.7|) . its conformal version reduces to (|2.8|) . The identity 

i?, (2 C S - C fT) = 2 C - 2 D'C, 

shows that (|2.9|) . whence (|2.8|l . is a consequence of equations (|2.2|) and H2.11|l . It follows 
that for given m 7^ 0, which defines W and /i, a solution of the conformal static vacuum 
field equations provides a unique solution to the static vacuum field equations (|1.2|) . 

The system (|2.10|) . (|2.11|) . (|2.12|l . H2.13|l represents a quasi-linear, overdetermined, 
gauge-elliptic system of PDE's. The Ricci operator becomes elliptic in a suitable gauge 
and the elliptic character of the remaining equations can be seen by taking the trace of 
(|2.11|) . by contracting H2.12|) with D", and by contracting (|2.13|) with D'^ and using the 
Bianchi identity and (|2.11|) again so that in all three cases one obtains an equation with the 
Laplacian acting on the respective unknown. By deducing from the fall-off behaviour of 
the physical solution at space-like infinity a certain minimal smoothness of the conformal 
fields at i and invoking a general theorem of Morrey (^Hl) on elliptic systems of this type, 
Beig and Simon (^2 ) concluded that the solutions are in fact real analytic at i. To avoid 
introducing additional constraints by taking derivatives, we shall deal with the system of 
first order above. 



3 The exact sets of equations argument 

Constructing solutions from minimal sets of data prescribed at i poses quite an unusual 
problem for a system of the type of the static conformal field equations. To see how it 
might be done, we study expansions of the fields in normal coordinates. 

For convenience assume in the following S to coincide with a convex /i-normal neigh- 
bourhood of i. Let Ca, a = 1, 2, 3, be an /i-orthonormal frame field on S which is parallely 
transported along the /i-geodesics through i and let cc" denote normal coordinates cen- 
tered at i so that c*" a = < dx^, Ca > = <5'' a at i. We refer to such a frame as normal frame 
centered at i. Its dual frame will be denoted by X*^ — X*^ dx^. 

At the point with coordinates a;" the coefficients of the frame then satisfy 

C ^X ^ a ^ 1 ^b a ^b ^ a; 
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(where we set Xa — x^ 5ba and assume, as in the following, that the summation rule does 
not distinguish between bold face and other indices). Equivalently, the coefficients of the 
dual frame satisfy 

X'^bx" =5^bx\ XaX%^Xa6%, (3.1) 

which implies with the coordinate expression hab ~ ^S^cX"^ bX^ d of the metric the well 
known characterization hab — —x°' Sab of the as /i-normal coordinates centered at i. 
In the following all tensor fields, except the frame field Ca and the coframe field x*^, will 
be expressed in terms of this frame field, so that the metric is given by /lab = /^(ca, Cc) = 
—Sab. With Da = Dc^ the connection coefficients with respect to Ca are defined by 

-^a Cc Ta c Cb- 

An analytic tensor field rai...afc on S has in the normal coordinates a normal 
expansion at i, which can be written (cf. 13,) 

Ta,...a. (a;) = ^ 1 . . . X^^ D,^... De, ra,...a, (*)■ (3.2) 
p>0 ^ ' 

(This is a convenient short version of the correct expression; more precisely, the a;" should 
be replaced here by the components of the vector field X which has in normal coordinates 
the expansion X{x) = x^ S'^bCa. and which is characterized by the conditions DyV = 0, 
V{i) = 0.) In the following will be shown how normal expansions can be obtained for 
solutions 

^ab, Ci S, Sab, (3.3) 

to the conformal static vacuum field equations. In 3 dimensions the curvature tensor 
satisfies 

Rabcd[h] = 2{ha[cLd]b + hb[dL^^a} with Lab[h] Rab[h] - ^ R[h] hab, 

and can be expressed because of (12 .511 completely in terms of Sab- Once the latter is 
known, the connection coefficients Fa c and the coefficients of the 1-forms x^ can thus 
be obtained, order by order, from the structural equations in polar coordinates (cf. [5]), 

-^(sX%(sa;0) ='5% + re'^d(sa;/)sx%(sx-^) x\ 
as 

:^(ra%(sxOsx%(sa;0) -i?%da(sxO:E'^ sx%(sxO, 
as 

where s denotes an affine parameter along the /i-geodesics through i with unit tangent 
vectors which vanishes at i, so that = Sabx'^ x^ . 

By formally taking covariant derivatives, the expansion coefficients of C, and s up to 
order m + 2 resp. m + 1 can be obtained from equations (|2.11|l and H2.12|l once Sab is 
known up to order m. Calculating the expansion coefficients for Sab by means of equation 
(|2.13|) leads, however, to some complicated algebra. It turns out that the latter simplifies 
considerably in the space spinor formalism. 

To achieve the transition to the space-spinor formalism we introduce the constant van 
der Waerden symbols 

a^^'a, a" AB, a = 1,2, 3, A, 5 = 0,1, 
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which map one-index objects onto two-index objects which are symmetric in the two 
indices. If the latter are read as matrices, the symbols are given by 

ia^UB-iaC AB-^^ 6 Cl + *6 

With the summation rule also applying to capital indices one gets 

5'^ a — O,'^ AB OL^^ a, ^ Sab AB CD — —^A(C ^D)B = hABCD, 

a,b= 1,2,3, A,B,C,D = 0,1, 

where the constant e-spinor is antisymmetric, eAB = ^^ba, and satisfies eoi — 1. It is used 
to pull indices according to the rules lb — i-^ ^ab, — i-b, so that €a ^ corresponds 
to the Kronecker delta. We shall denote the 'scalar product' ka i-^ of two spinors and 
occasionally also by e(K, t). It is important here to observe the order in which the 
spinors occur. 

Given the van der Waerden symbols, we associate with an tensor field T'^^ - '^'' hi...h, 
given in the frame the space spinor field 



In the following we shall employ tensor or spinor notation as it appears convenient. With 
the spinor field 



and the notation 



T = Co £0' + ei El' , 



^AB...H = ^A Tb ■■■Th C,A'B'...H' 



where the bar denotes complex conjugation, one finds that a space spinor field 

TAiBi...ApBp = T(AiBi)...(ApBp), 

arises from a real tensor field Tai...a.p if and only if it satisfies the reality condition 

TA,B,...ApBp = (-lFrliBi...Api3p- (3-4) 

It follows in particular 

Ub = 2 (Coo Cii - Coi Coi) = 2 det(^^B) - ~5ab C 

and we can have (,ab S,^^ — for vectors ^/^^ ^ only if is complex. Since ^"^■^ = , 
the relations ^ab = 0, £_^^ ^ imply by the equation above that — for 
some 7^ 0. This fact will allow us to interprete the data ()l.ll|l as 'null data'. 
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Any spinor field Tabc.gh, symmetric or not, admits a decomposition into products 
of totally symmetric spinor fields and epsilon spinors which can be written schematically 
in the form (cf. 21) 

Tabc.gh = T(^abc...gh) + c'* ^ symmetrized contractions of T. (3-5) 

Later on it will be important for us that spinor fields TAiBi...ApBp arising from tensor 
fields Tai...ap satisfy 

T(AiBi.-ApBp) = C(rai...ap) a"' AiBi ... a"" A^B^, 

i.e. the projectors C onto the trace free symmetric part of tensors is represented in the 
space spinor notation simply by symmetrization. If convenient we shall denote the latter 
also by the symbol sym. 

To discuss vector analysis in terms of spinors, a complex frame field and its dual 1-form 
field are defined by 

a AB AB a 

CAB = a ABCa, X = " a X j 

so that h[cABi Cab) — hABCD- If the derivative of a function / in the direction of cab is 
denoted by cabU) = f.a c"^ ab and the spinor connection coefficients are defined by 

^ Ab'" D — cOL^ ABcf^ bOL^ DHi SO that ^ ABCD {AB){CD)7 

the covariant derivative of a spinor field is given by 

n ,c ( ,C\ c ,B 

If it is required to satisfies the Leibniz rule with respect to tensor products, it follows that 
covariant derivatives in the Ca-frame formalism translate under contractions with the van 
der Waerden symbols into spinor covariant derivatives and vice versa. 
The commutator of covariant spinor derivatives satisfies 

{DcD Def — Def Dcd) — BCDEF t^, (3.6) 

with the curvature spinor 

^ABCDEF V'^^'SCB ^ n-ABCE) ^DF + [SABDF ^ n-ABOF) ^CE 

where R[h] is the Ricci scalar and sabcd = Sab a" ab ofi cd represents the trace free part 
of the Ricci tensor of ft,, which is completely symmetric, sabcd = S(^abcd)- The gauge 
condition (|2.5II implies 

RaBCDEF — 2 {SABCE ^DF + SABDF ^Ce) ■ (3.7) 

In the space-spinor formalism equations (|2.13() acquire the concise form 

Da ^sbcde = -, _^ ^ se(bcd Da) ^C- (3-8) 

Applying to this equation and to the spinor versions of equations (|2.11|l and H2.I2|) the 
theory of 'exact sets of fields' discussed in [^, we get the following result. 
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Lemma 3.1 Let there he given a sequence 



'C'n — {1PA2B2A1B1, i^AaB3A2B2AiBi, ■0A4B4A3S3A2B2A1S1 , ■ ■ •}, 

of totally symmetric spinors satisfying the reality condition \3.4\ Assume that there exists 
a solution h, C, s, sabcd to the conformal static field equations iji^.lj)) . f2.1U\) . 1^2. 
ifi^.J^) . Y2.1!^) so that the spinors given by I?„ coincide with the null data 2?* given by 
Hl.llp of the metric h in terms of an h-orthonormal normal frame centered at i, i.e. 

'ipApBp...A3B3A2B2AiBi = Df^Aj,Bp ■ ■ ■ D A3B3 SA2-B2 AiBi ) («), P > 2. (3.9) 

Then the coefficients of the normal expansions ^3. of the fields 1^2.16]) . in particular 

of 

SABCoix) = 51 1 ■ ■ ■ ^'^'^^ ^-4,5, . . . Da,B, 3ABCD{t), (3.10) 

with x^^ — ax"', o,re uniquely determined by the data 2?„ and satisfy the reality 
conditions. 

Proof. It holds SABCoii) — i^ABCO by assumption and the expansion coefficients 
for C, s of lowest order are given by (|2.2|l . 12.15|l . The induction steps for C, and s being 
obvious by (|2.11|) and (|2.12l) . we only need to consider sabcd and 1)3. 8|l . Assume m > 0. 
If spinors Da^b^ ■ ■ ■ Da^Bi scDEF{i), P have been obtained which satisfy H3.9() and, 
up to that order, equation (|3.8|l . the totally symmetric part of 

Da ,„+iB,„ + i • • • DaiBi SCDEpii), 

is given by the prescribed data while its contractions, which define the remaining terms 
in the decomposition corresponding to l|3.5|) . are determined as follows. Observing the 
symmetries involved, essentially two cases can occcur: 

i) If one of the indices Bj is contracted with F, say, the operator DajB, can be 
commuted with other covariant derivatives, generating by (|3.6|l . (|3.7(l only terms of lower 
order, until it applies directly to scdef- Equation (|3.8|l then shows how to express the 
resulting term by quantities of lower order. 

ii) If the index Bj is contracted with k j, the operators Da b and Da^b^ 
can be commuted with other covariant derivatives, until the operator Da^h Da^ ^ applies 
directly to scdef- If the corresponding term is symmetrized in Aj and Ak the general 
identity 

Dh{a D^ b) Scdef = -2 sh(cde sf)ab ^ , 

implied by 1)3. 6|l . 1)3.7(1 shows that this term is in fact of lower order. If a contraction of 
Aj and Ak is involved, the general identity 

Dab D^^ Scdef — —2 Dp Da ^ scdeh + 3 sch{cd se)f '^^ ■, 

shows together with 1(3. 8|l that the corresponding term can again be expressed in terms 
of quantities of lower order, showing that -DA^+iBm+i • • ■ Da^Bi scDEF{i) is determined 
by our data and terms of order < ni. That the expansion coefficients satisfy the reality 
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condition is a consequence of the formalism and the fact that they are satisfied by the 
data Vn- ■ 

To achieve our goal, we have to show the convergence of the formal series determined 
in Lemma |3. II This requires us to impose estimates on the free coefficients given by 
We get the following result. 

Lemma 3.2 A necessary condition for the formal series I^S.lfl\} determined in Lemma \S. 1\ 

to he absolutely convergent near the origin is that the data given by Vn satisfy estimates 
of the type 

p\M 

\i'ApBp...AiBiCDEF\ < P = 0, 1, 2, . . . , (3.11) 

with some constants M, r > 0. 

Proof. If / is a real analytic function defined on some neighbourhood of the origin 
in M", it can be analytically extended to a function which is defined, holomorphic, and 
bounded on a polydisc P(Q,r) — {x ^ C"| < r,l < j < n] with some r > 0. 
Its Taylor expansion / = X]|a|>o ^^"/(O)^" absolutly convergent on P(0,r) with 
sup3.gp(-o l/(2;)| < M < oo so that its derivatives satisfy the estimates 

a ' M bl ' M 
1^-/(0)1 ^ ^ ^ (3-12) 

The first of these estimates are known as Cauchy inequalities. Here a G N" denotes a multi- 
index and we use the notation |a| = ai + . . . + a„, a \ = ai! • . . . • a„!, 9" — d"^ • . . . • d^" , 
and = (a;i)"i • . . . • (a;")"". 
If the series (|3.1UII and thus 

Sab(x) = ^ ^ . . . i?c, . . . D,, Sab(j), (3-13) 
p>0 ^' 

is absolutely convergent near the origin, there exist therefore by the second of the estimates 
(|3.12() constants , r, > with 

p ! A/* 

l-Pcp . . . -Pci Sab(OI < ' p* 1 Cp, ... ,ci,a,b = 1,2,3, p = 0,1,2,.... 

Observing the transition rule from tensor to spinor quantities, one gets from this the 
estimates 

pi M 

\Da^b, ■■■ DA,B^scDEF{^)\<^^, Ap, Bp, . . . E , F = 0, 1, p = 0,1,2,... 

(3.14) 

with M = 9c^M* and r = r*/3c, where c = maxa=i,2,3; yi,s=o,i To derive from 

these estimates the estimates H3.11|l we consider instead of l|3.5(l directly the symmetriza- 
tion operator to get 

\i>ApBp...AiBiCDEF\ = \D(ApBp ■ ■ ■ -D/liSi ScDEF)ii)\ < 
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^- 7re52p+4 

where 5m denotes the group of permutations of m elements. ■ 

We note for later use that if the derivatives of a smooth function / satisfy estimates 
of the type 1)3.12(1 with some constants M, r > then the function / is real analytic near 
the origin because its Taylor series is majorized by 

yMr-l"lx" = - -, |x"|<l, (3.15) 

Q \ / \ / 

and 



3.1 Relations between null data and multipoles 

We express the relation between the sequences of null data and the sequences V'^p of 
multipoles of h (in the same normal frame centered at i) in terms of space-spinor notation. 

Lemma 3.3 The spinor fields PApB,, ... AiBi neari, given by fl.y\) . i) j.i^j . are of the form 

PApBp...AiBi ^~—{D{ApBp ■■■ DA3B3SA2B2A1B1) + FApBp...AiBi\ , (3-17) 

with symmetric spinor-valued functions 

Fp = FApBp ...AiBi FApBp...AiBi[{F>(A^B^ • • ■ ^AaSa SA2S2AiBi)}g<p-2], P > 2, 

which satisfy 

FA2B2A1B1 = 0, FA3B3A2B2A1B1 = 0, 
and which are real linear combinations of symmetrized tensor products of 

SA2B2A1B1, F>(^A3B3 SA2B2A1B1), ■■■ , -C)(Ap_2-Bp_2 ••■ F>A3B3 SA2B2A1B1), 

for p > 4. 

Proof. The first two results on F follow by direct calculations from l|1.9|l . (|1.1UII . 
Inserting H3.17|l into the recursion relation p.lO|) gives for p> 3 the recursion relations 

FAp+iBp+i ...AiBi ^ F>(^Ap+iBp+i FApBp ...AiBi) (3.18) 
-Cp {s(^Ap+iBp+iApBp F)Ap-iBp-i ■■■ SA2B2A1B1) + ^(Ap+iBp+i -Pylp_iBp_i ... AiBi) } • 

With the induction hypothesis which assumes the properties of the F's stated above for 
Fa^b, ... AiBi, g < P, the relations (|3.18(l imply these properties for FAp+^Bp+i ...AiBi- ■ 
A further calculation gives 

F4 = — C3 5(^454^333 SA2B2A1B1), -F5 = — (2C3 + C4) S(^A5B^AiB4. F) A3B3S A2B2AiBi)^ 
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and by induction the recursion law above implies the general expressions 
F2p = a2p sym{s (g) D'^p~'^s) + . . . + uj2p sym{(^Ps), p > 3, 

F2P+1 = a2p+i sym{s (g) D^^'^s) + . . . + uj2p+i sym{'^P~^s (g) Ds), p > 3, 

with real coefficients a2p, ct2p+i, ■ ■ ■ ,'-^2p,'-^2p+i- The first terms on the right hand sides 
denote the term with the highest power of D occuring in the respective expression. The 
sum of the powers of D occuring in each term is even in the case of F2p and odd in the 
case of -F2p+i- The sum of the powers of D occuring in each of the terms indicated by 
dots lies between 2 and 2 p — 4 in the case of F2p and between 3 and 2 p — 3 in the case of 
f2p+i- The coefficients indicated above are determined by 

ae = -(2c3 + C4 + C5), ay = -(2c3 + C4 + C5 + ce), = -(2 C3 + C4), uje^csc^, 
and, for p > 3, by 

Q^2p+l = tt2p — C2p, a2p+2 = a2p+l — C2p+1, 
W2p+1 =pW2p — C2pW2p-l, W2p+2 = — C2p+1 ti^2p, 

which implies in particular 

cu2p^{-ir+'nfI^C2i+i, p>3. (3.19) 

Restricting the relation H3.17|l to i defines with the identification (|3.9|l a non-linear 
map which can be read as a map 

^ : {f>n}^ {^mp}, 

of the set of abstract null data into the set of abstract multipoles (i.e. sequences of sym- 
metric spinors not necessarily derived from a metric) satisfying 

'^ApBp...AiBi = -y {tpApBp ...AiBi + Fa^B^ ... AjSi ... AiBi }g<p-2]) , P > 2. 

(3.20) 

Corollary 3.4 For given m the map ^' which maps sequences I?„ of abstract null data 
onto sequences 'Dmp of abstract multipoles is bijective. 

Proof. An inverse of "if can be constructed because F2 ~ 0, F^ ~ 0, and the Fp 
depend only on the ipAqB, ...AiBi with q <p — 2. The relations 13.20|l therefore determine 
for a given sequence I?mp recursively a unique sequence ■ 

It follows that for a given metric h the sequences of multipoles and the sequences 
of null data in a given standard frame carry the same information on h. The relation 
is not simple, however. It can happen that a sequence I?„ with only a finite number of 
non-vanishing members is mapped onto an sequence Vmp with an infinite number of non- 
vanishing members and vice versa. For instance, the relations given above show that the 
sequence Vn = {V'2, 0, 0, 0, . . .} with -02 = V'A2S2-4iSi 7^ is mapped onto the sequence 
T^mp = {^2, 0, j/4, 0, 1^6, • ■ ■} with Vq = ... AiBi, where 

V2 = ^2, y2p = {.~lf+H'^Vlc2i+i)sym{®Pi^2)^0, p>2. 
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4 The characteristic initial value problem 



To complete the analysis one would have to show that the estimates imply estimates 

of the type H3.14|l for the coefficients of Ij^.f 0|) . The induction argument used in the proof of 
Lemma l3 . 1 1 leads . however, to complicated algebraic considerations. The commutation of 
covariant derivatives generates with the subsequent derivative operations more and more 
non-linear terms of lower order. Formalising this procedure to derive estimates does not 
look very attractive. To arrive at a formulation of our question which looks more similar 
to a boundary value problem to which Cauchy-Kowalevskaya type arguments apply, we 
make use of the inherent geometric nature of the problem and the geometric meaning of 
the null data. 

The fields h, ^, s, sabcd are necessarily real analytic in the normal coordinates a;° and 
a standard frame cab centered at i. They can thus be extended near i by analyticity into 
the complex domain and considered as holomorphic fields on a complex analytic manifold 
Sc- Choosing Sc to be a sufficiently small neighbourhood of i, we can assume the extended 
coordinates, again denoted by x"", to define a holomorphic coordinate system on Sc which 
identifies the latter with an open neighbourhood of the origin in . The original manifold 
S is then a real, 3-dimensional, real analytic submanifold of the real, 6-dimensional, real 
analytic manifold underlying Sc- If a'^, /3", a = 1, 2, 3, define real local coordinates on 
the real 6-dimensional manifold underlying Sc so that the holomorphic coordinates 
can be written a;" = a" + i /3", wc use the standard notation d^-^ = ^{da'^ — i dpa) and 
3s» = \{da'^ + idpa). The assumption that the complex- valued function / = /(a;°) be 
holomorphic is then equivalent to the requirement that S^a/ = so that we will only 
have to deal with the operators d^c^- Under the analytic extension the main differential 
geometric concepts and formulas remain valid. The coordinates and the extended 
frame, again denoted by cab, satisfy the same defining equations and the extended fields, 
denoted again by h, C, s, sabcd, satisfy the conformal static vacuum field equations as 
before. 

The analytic function V = 5ab x"^ on S extends to a holomorphic function on Sc 
which satsifies again the eikonal equation DaT DbT = —4 F. On S it vanishes only at 
i, but the set 

M, = {pe Sc\ T{p) - 0}, 

is an irreducible analytical set (cf. such that A/i \ {i} is 2-dimensional complex 

submanifold of Sc- It is the cone swept out by the complex null geodesies through i and 
we will refer to it shortly as the null cone at i. While some of the following considerations 
may be reminiscent of considerations concerning cones swept out by real null geodesies 
through given points of 4-dimensional Lorentz spaces, there are basic differences. In the 
present case there do not exist splittings into future and past cones. The set Afi \ {i} 
is connected and its set of of complex null generators is diffeomorph to P^(C) ~ 5^. If 
JVi \ {i} is considered as a 4-dimensional submanifold of the 6-dimensional real manifold 
underlying Sc, the set of real null generators is not simply connected but diffeomorphic to 
50(3, R). 

The set A/i will be important for geometrizing our problem. Let u — > x°'{u) be a null 
geodesic through i so that x°'{0) — 0. Its tangent vector is then of the form x^^ = 
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with a spinor field 



L^{u) satisfying D±l^ — along the geodesic . Then 
so(u) = L° SABCoixiu)), 



(4.1) 



is an analytic function of u with Taylor expansion 



oo 



p=0 



where 




= A L^" ... Da^B^ . . ■ DA^B^SABCD{i) 

L^" ... L° D(A^B, ■ ■ ■ Da,b, sabcd) (*)• 



Knowing these expansion coefficients for initial null vectors covering an open subset 

of the null directions at i is equivalent to knowing the null data I?* of the metric h. 

Our problem can thus be formulated as the boundary value problem for the conformal 
static vacuum equations with data given by the function H4.1fl on A/i, where the l^l^ are 
parallely propagated null vectors tangent to Ni. The set Mi can be regarded as a (complex) 
characteristic of the (extended) operator A/i and also to the conformal static equations. 
Therefore we shall refer to this problem as the characteristic initial value problem for the 
conformal static vacuum field equations with data on the null cone at space-like infinity. 

The conformal static vacuum field equations (|2.10() . (|2.11|l . (|2.12|l . H2.13I) form a 3- 
dimensional analogue of the 4-dimensional conformal Einstein equations ((HI)- Charac- 
teristic initial value problems for these two type of systems are therefore quite similar in 
character. 

The existence of analytic solutions to characteristic initial value problems for the 
conformal Einstein equations has been shown in '10' by using Cauchy-Kowalevskaya type 
arguments. In the present case we shall employ somewhat different techniques for the 
following reason. 

The remaining and in fact the main difficulty in our problem arises from fact that 
Mi is not a smooth hypersurface but an analytic set with a vertex at the point i. A 
characteristic initial value problem for the conformal Einstein equations with data on a 
cone has been studied in ^1] and some of the techniques introduced there and further 
developed in |E1 will be used in the following. The method we use to derive estimates on 
the expansion coefficients has apparently not been used before in the context of Einstein's 
field equations. 

4.1 The geometric gauge 

To obtain a setting in which the mechanism of calculating the expansion coefhcients allows 
one to derive estimates on the coefficients from the conditions imposed on the data, a gauge 
needs to be chosen which is suitably adapted to the singular set Mi. The coordinates and 
the frame field will then necessarily be singular and the frame will no longer define a 
smooth lift to the bundle of frames but a subset which becomes tangent to the fibres 
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over some points. The setting described in the following will organize this situation in a 
geometric way and provide control on the singularity and the smoothness of the fields. 
Let SU{2) be the group of complex 2x2 matrices {s^ b)a,b=o,i satisfying 

<^AB C D = ^CD, TAB' CS^ D' ^ TcD', (4.2) 

where d d' denotes complex conjugation. The map 

SU{2) 3s^B^ (c D) ^ s% = ab c s"" d cf^ t € 80(3, R), (4.3) 

realizes the 2 : 1 covering homomorphism of SU{2) onto the group 5*0(3, M). Under 
holomorphic extension the map above extends to a 2 : 1 covering homomorphism of the 
group SL{2,C) onto the group SO{3,C), where SL{2,C) denotes the group of complex 
2x2 matrices satisfying only the first of conditions H4.2|l . 

We will make use of the principal bundle of normalized spin frames SU{S) S with 
structure group SU{2). A point 5 G SU{S) is given by a pair of spinors 5 = {5^, 5^) at a 
given point of S which satisfies 

e((5A, 5b) = CAB, e(^A, <5+ s') = ^ab', (4.4) 

where the lower index, which labels the members of the spin frame, is assumed to acquire 
a prime under the "+" -operation. The action of the structure group is given for s G SU{2) 

by 

5 ^ 5 ■ s where {5 ■ s)a = aSb- 

The projection tt maps a frame S onto its base point in S. The bundle of spin frames is 

mapped by a 2 : 1 bundle morphism SU{S) ^ SO{S) onto the bundle SO{S) ^ S of 
oriented, orthonormal frames on S so that tt' op — tt. For any spin frame S we can identify 
by 14. 4|) the matrix {Sb)a.a.b=o.i with an element of the group SU{2). With this reading 
the map p will be assumed to be realized by 

SUiS) 3 6^ p{5)ab = 5i S'b cef e SO{S), 

where cab denotes the normal frame field on S introduced before. We refer to p{5) as the 
frame associated with the spin frame 5. 

Under holomorphic extension the bundle SU{S) ^ S* is extended to the principal 
bundle SL{Sc) — * Sc of spin frames 5 = {6q,S^) at given points of Sc which satisfy only 
the first of conditions H4.4|l . Its structure group is 5*^(2, C). The bundle SU{S) ^ S 
is embedded into SL{Sc) ^ 5c as a real analytic subbundle. The bundle morphism p 
extends to a 2 : 1 bundle morphism, again denoted by p, of SL{Sc) — * Sc onto the bundle 

S'0(5c) ^ Sc of oriented, normalized frames of Sc with structure group 5*0(3, C). We shall 
make use of several structures on SAI{Sc)- 

With each a £ sl{2, C), i.e. a — {a^ b) with uab — c(ba, is associated a vertical vector 
field Zc, tangent to the fibres, which is given at (5 € SL{Sc) by Za{5) = ■j^{5-exp{v a))\^=i^, 
where w G C and exp denotes the exponential map sl{2, C) — > SL{2, C). 

The C'^-valued solder form a^^ = a^^^^ maps a tangent vector X e TsSL{Sc) onto 
the components of its projection Ts{tt)X G Tt;(s)Sc in the frame p{5) associated with 5 
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so that Ts{Tr)X = < a^^,X > p{S)ab- It follows that < a^^ , > = for any vertical 
vector field Za- 

The s^(2, C)-valued connection form lv^ b on SL{Sc) transforms with the adjoint 
transformation under the action of 5*^(2, C) and maps any vertical vector field Za onto 
its generator so that < u"^ s, > = b- 

With x^^ = x^^^^ G is associated the horizontal vector field on SL{Sc) which 
is horizontal in the sense that < lij^ b , > = and which satisfies < a^^ , > = x^^ . 
Denoting by Hab, A,B = 0,1, the horizontal vector fields satisfying < a^^,HcD > 
= h^^ cn, it follows that = x^^ Hab- An integral curve of a horizontal vector field 
projects onto an /i-geodesic and represents a spin frame field which is parallely transported 
along this geodesic. 

A holomorphic spinor field ip on Sc is represented on SL{Sc) by a holomorphic spinor- 
valued function 'ipAi...Aj (<5) on SL{Sc), given by the components of ip in the frame 6. We 

shall use the notation ipk = ''P{Ai...Aj)k^ k = 0, . . . ,j, where ( )k denotes the operation 

'symmetrize and set k indices equal to 1 the rest equal to 0'. If tp is symmetric, these 
functions completely specify tp. They are referred to as the esssential components of ip. 

4.2 The submanifold S of SL{Sc) 

We combine the construction of a coordinate system and a frame field with the definition 
of an analytic submanifold M of SL{Sc) which is obtained as follows. We choose a spin 
frame 6* in the fibre of SL{Sc) over i which is projected by w' onto the frame cab at 
considered i before. The curve 

C^v^ 5{v) = S* ■ s{v) e SL{Sc), 

with 

s{v) = exp{va) = (^^ J^, a=(^J [J^e sl{2,C), (4.5) 

in the fibre of SL{Sc) over i defines a vertical, 1- dimensional, holomorphic submanifold I 
through S* on which v defines a coordinate. The associated family of frames cab = eAB{v) 
at i is given explicitly by 

eoo(^^) = Coo + 2ucoi +w^cii, eoi{v) = cqi + v cn, en{v) = cn- 

The following construction is carried out in some neighbourhood of I. If the latter is 

chosen small enough all the following statements will be correct. 

The set / is moved with the flow of Hn to obtain a holomorphic 2-manifold Uq of 
SL{Sc) containing /. The parameter on the integral curves of Hn which vanishes on / 
will be denoted by w and v is extended to Uo by assuming it to be constant on the integral 
curves of Hn. All these integral curves are mapped by tt onto the null geodesies j{w) with 
afiine parameter w and tangent vector 7'(0) = cn at 7(0) = i. The parameter v specifies 
frame fields which are parallely propagted along 7. 

The set Uq is moved with the flow of Hqq to obtain a holomorphic 3-submanifold S of 
SL{Sc) containing Uq. We denote by u the parameter on the integral curves of Hqq which 
vanishes on Uq, extend v and w to 5 by assuming them to be constant on the integral 
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curves of Hqq. The functions — — v, ^ w define holomorphic coordinates on 

S. Tlie restriction the projection to S will be again denoted by tt. 

The projections of the integral curves oi Hqq with a fixed value of w sweep out, together 
with 7, the cone J^^(w) near j{w) which is generated by the null geodesies through the 
point j{w). On the null geodesies u is an affine parameter which vanishes at 7(i«) while 
V parametrizes the different generators. In terms of the base space Sc our gauge is based 
on the nested family of cones Afj(w) which share the generator 7. The set Wq — {w — 0}, 
which projects onto A/i \ 7, will define the intial data set for our problem. The map tt 
induces a biholomorphic diffeomorphism of 5' = 5 \ C/q onto 7r(S"). The singularity of the 
gauge at points of Uq (resp. over 7) consists in tt dropping rank on Uq because the curves 
w = const, on Uq are tangent to the fibres over 7(w) where dy — Za- The null curve 7(w) 
will be referred to as the singular generator of A/i in the gauge determined by the spin 
frame S* resp. the corresponding frame cab at i. 

The solder and the connection form pull back to holomorphic 1-forms on S, which 
will be denoted again by and cj"^ b ■ Corresponding to the behaviour of tt the 1- 
forms (T*^", (T*^^, a^^ are linearly independent on S' while the rank of this system drops 
to 2 on Ua because < a"^^ , dy > = < a^^ , > = 0. If the pull back of the curvature 
form B — BCDEF o''"^ A a^^ to S is denoted again by fl^ b, the solder and the 
connection form satisfy the structural equations 

da — —uj cA(T — oJcAfT , duo b — c ^ _b + " b- 

By construction of S we have 

<a^^,dy>=0, <a^^,d^ >^ei^€i^ on Uq, 

<uj^B,d^> = 0, <uj^ B,dy > = <uj'^ B,Za> = ei^eB° on Uq, 

< a^^,du > = eo ^ eo ^ and < b, dy > ^ on S while < a'^^,dy > ^ Q on 5'. 

To obtain more precise information on o"^^ and lu^ b we note the following general 
properties (cf. ^ and ^3] for more details). If, for given x^^ G C^, the Lie derivative 
with respective Hx is denoted by Cx, then 

£^(7^^ = 2 uj^'' c, < ^x'^^ b, ■ > = < b, Hx r\ ■ > ■ 

Since = dy] = [Hqci, dy] on S and b is horizontal, it follows that 

du < a^^,dy > = 2 eo < uj^^ o,dy >, dy < s, 9, > |„=o - < B.HxhZ^ > |„=o = 0, 

which gives with the relations above 

< > = ei'^eB°+0(u^) whence < s, 9^, > = 2 u eg *^ei ^'+0(w^) as u ^ 0. 

Similarly we obtain with — dw] = [iJoo, d^] on S 

du < cr^^,dy, > = 260^^ < uj^\,du, >, dy < uj"^ B,dy, > \y=a = ^r^Bomi- 
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In terms of the coordinates z"" we thus get a = a „ dz^ on S' with a co-frame matrix 

/ 1 a°\ a°\\ (I 0(u3) 0(m2) \ 
(a^s ^ ^01 2 ^01 ^ 1 u + 0{v?) 0(m2) as u ^ 0. (4.6) 

\00 l/\0 1/ 

On S' there exist unique, holomorphic vector fields bab which satisfy 



< (7 , BeF > = tl 



EF- 



If we write bab = e° as dz" , the properties noted above imply for the frame coefiicients 

/I el 01 eSi \ / 1 0(m2) 0(u2) \ 
(e"AB)= e%i eSi = ^ + 0{u) 0{u) as ^ 0. (4.7) 

\00 l/\0 1/ 

In the following we shall write 

e%B = e*%B + e%s, (4.8) 

with singular part 

e*« ^^=5^eA°eB° + 5^ \ ^a ° ^b) ' + ea ' es \ (4.9) 

and holomorphic functions e" ab on 5* which satisfy 

e^AB^Oiu) as u^O. (4.10) 
We define connections coefficients on S" by writing ui^ b = Tcd b c'^^ with 

TcD AB = < WAB, eCD >, 

so that FcDAB = r(cr>) (ab)- The definition of the frame then implies 

TooAB^O on S and riiAB=0 on V^, 
and it follows from the discussion above that 

Tabcd = ^*ABCD + Tabcd, (4-11) 

with singular part 

rABCU = ~-e(A°eB) ^ec°e£)°, (4-12) 

and holomorphic functions V abcd on S which satisfy 

tABCD = 0{u) as u^O. (4.13) 

The singular parts are 'universal' in the sense that their expressions only depend on 
the construction of S and not on properties of the metric. If the latter is fiat the functions 
AB and V abcd vanish on S. With the frame and the connection coefficients so defined 
we have the spin frame calculus in its standard form. The expressions above imply for any 
holomorphic spinor valued fmiction Va...c that -Dqo V'A...c and D\\ Va...c extend to S as 
holomorphic functions so that 

DooipA...c = duipA...c on S and Dui(jA...c = dwipA...c on Uo- 
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4.3 Tensoriality and expansion type 

A holomorphic function on SL(Sc) induces a holoniorphic function on S which can be 
considered as a holomorphic function of the coordinates While these coordinates are 
holomorphic on the submanifold S of SL(Sc), the induced map tt of 5 into Sc is singular on 
U(). As a consequence, not every holomorphic function of the can arise as a pull-back to 
S' of a holomorphic function on SL{Sc)- The latter must have a special type of expansion 
in terms of the which reflects the particular relation between the 'angular' coordinate 
V the 'radial' coordinate u. The following notion will be important for our discussion. 

Definition: A holomorphic function f on S will be said to be of v-finite expansion 
type kf, with kf an integer, if it has in terms of the coordinates u, v, and w a Taylor 
expansion at the origin of the form 

oo oo 2m+kf 
p— m— n— 

where it is assumed that fm.n.p — if 2m + kf <0. 

We note that the construction of S does not distinguish the set / = 7r^^(z) from the 
sets 7r~-^(7(M;)). Correspondingly, the Taylor expansions of the function / above at points 
(0,0, Wo) with Wo close to have the same structure with respect to u and v. 

Lemma 4.1 Let (f)Ai...Aj be a holomorphic, symmetric, spinor-valued function on SL(Sc)- 
Then the restrictions of its essential components 4>k = 0(Ai...Aj)fc; < fc < to S satisfy 

dycjik^ {i ~k)(j}k+i; k^O,...,j, on Uq, (4.14) 

(where we set 1 = 0) and 4>k is of expansion type j — k. 

Proof. : In the following we consider S" as a submanifold of SL{Sc)- The tensorial 
transformation law of under the action of the 1-parameter subgroup H4.5() with generator 
a"^ B = ei ^ e_B " imphes 

Za (f>k = [j ~ k) (f)k+i for <k < j on SL{Sc), 

and thus (|4.14ll because Za = on Uq. From the relations above follows in particular 
that 

Zi-''+^(bk^O on SL{Sc). (4.15) 
A general horizontal vector field has with Za the commutator 

a ; ] — -^a ■ X 1 

where a acts on x^^ = x^^^^ according to the induced action by 
With x^^ =60^60^, so that Hx = Hqq, it follows 

[Za,Hf)o] = 2iJoi, [Za,Hoi] ~ Hii, [Za,Hu] = 0. 
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By induction this gives the operator equations 

Zl Hoo = n (n - 1) Hn Z^-^ + 2 n i/oi ' +^00^^, n> 1, 
and, more generaUy, 



2m-l 

Hqq — an^m H"l Z^~^"^ + ^ An^mJ '+Hq^Z^, TO, n>l, 

;=o 

where the an,m are real coefficients, the An^m,i denote operators which are sums of products 
of horizontal vector fields, and the terms in which Za formally appears with negative 
exponent are assumed to vanish. With H4.15|l this implies 

Za H^o 4'k = for n>2m + j-k on SL{Sc). 
The results follows because Z^ (pt — <9" 5™ 4>k at points of C/q. ■ 

4.4 The null data on Wq 

We shall derive an expansion of the restriction of the essential component sq of the Ricci 
spinor to the hypersurface Wq, i.e. 

So(m, w) = S(^ABCD)o\woi 

in terms of quantities on the base space Sc- Consider the normal frame cab on Sc near i 
which agrees at i with the frame associated with 5* and denote by 

T^n = {D*AiBi ■ ■ ■ D*Aj,Bp^*ABCD)i^)^ P = 0: I7 2, . • .}, 

the corresponding null data of h in the frame cab ■ Choose a fixed value of v and consider 
s = s{v) as in 1)4. 5|l . The vector Hoq{S* ■ s) then projects onto the null vector qs^ o cab 
at i. Since cab is a normal frame near i, the null vector field q o cab is tangent to 
a null geodesic 77 = 77(u, v) on A/i with afhne parameter u with m = at z and the integral 
curve of Hqq through 6* ■ s projects onto this null geodesic. It follows from this with the 
explicit expression for s = s(v) that 

so{u,v) = s"^ o{v) o{v) o{v) o{v) s*ABCD\n(y;v) (4.16) 
= E o{v) s^^ o{v) ...s^ o{v) DIa.b, ■ ■ ■ Da^B^ S*AsCD)i^) 

rn^O 

00 2 m4-4 
m=0 r!=0 

1 /2 TO + 4\ 

" ^ V j ■^(^^I'Si • ■ • D*A^.B„, s*ABCD)A^)^ 0<n<2m + 4. 

This formula shows us how to determine the function sq{u,v) from the null data I?* 
and vice versa. We note that the expansion above is consistent with sq being of w-finite 
expansion type 4. We shall refer to (|4.1ti|) as the null data on Wq in our gauge. 



with 
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5 The conformal static vacuum field equa- 
tions on S 

With the frame cab and the connection coefficients "/abcd on S we have the standard 
frame calculus available. Given the fields C, s, sabcd, we define on S the quantities 

, EF a _ /T^ EF EF \ a a h . a h 

tAB CDS EF = AB CD — ^ CD AB ) e EF — e CD,be AB + e AB,bS CD, 

RaBCDEF = fABCDEF ~ ^ {sABCE ^DF + SabDF ^Ce} , 

with 

rABCDEF = eCD{rEFAB) ~ SEFi^CDAB) 
+r_EF ^ C ^KDAB + r_EF ^ D ^CKAB — ^CD ^ E ^KFAB 
— TcD ^ F ^EKAB + ^EF ^ B ^CDAK ~ ^CD ^ B ^EFAK 
— tcD EF ^GHAB, 

Sab = Dab C ~ Cab , 
^ABCD = Dab Ccd — s Habcd + C (1 ^ ^C) sabcd, 
Sab = Dab s + (1 - mC) sabcd C^^, 

Habcd = Da ^ sbcde ~ - — ^—z se(bcd Ca) ^ ■ 

In terms of the fields on the left hand side, which have been introduced as labels for 
the equations as well as for the discussion of their interdependencies, the conformal static 
vacuum equations read 

tAB CD e° EF = 0, RaBCDEF — 0, 

Sab = 0, 

^ABCD — 0, Sab — 0, Habcd — 0. 

The first equation is Cartan's first structural equation with the requirement that the 
(metric) connection be torsion free {Iab^^ cd being the torsion tensor). The second 
equation is Cartan's second structural equation with the requirement that the Ricci tensor 
coincides with the trace free tensor Sab- The third equation defines Cab, the remaining 
equations have been considered before. 

To discuss these equations in detail we need to write them out in our gauge, observing 
in particular the nature of the singularities in 1)4.8(1 and l|4.11(l . 
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The equations tAB oo bf = 0: 



duS-^ 01 H — e^oi — —2 f oioi + 2 Foioo oi ) 
u 

duS^ 01 H — 01 = — Toioo + 2 Foioo oi , 
due^ 11 = — 2riioi + 2riioo oi, 
9^6^ 11 = — Fiioo + 2 Fiioo oi- 



The equations Rabooef = 0: 

f^«roioo + - Toioo — 2f QjQo = - So, 

^uFoioi H — foioi — 2foiooroioi = 7;Si, 
u 2 

^«roiii H — Foiii — 2 foioo foiii = - S2, 
u 2 

3«f 1100 H — f 1100 — 2 f 1100 foioo = sij 
u 

C^uFiioi — 2riiooroioi = S2, 

3«riiii — 2riiooroiii = S3. 

The equations Soo = 0, Eoocn = 0, 5*00 = 0: 

= 9„C - Coo, 
= 9„Coo + C(1 - mC) So, 

o = a„Coi+C(i-MC)si, 

= 9„s + (1 - /X C) (so Cii - 2 si Coi + S2 Coo)- 
The equations —Hq(^bcd)u = in the order = 0, 1, 2, 3: 

duSi - -^{dy So " 4si) - oi9«so - e^oi^t, so 
= -4 f 0101 So + 4foioo si - '^-^^Q ~ '^^ ' 

C^uS2 - Si - 3S2) - 6^ 0l3„ Si - C^oiC^j; Si 

= -f 0111 So - 2 f 0101 si + 3 foioo S2 - 2[l- + 2 si Coi + 3 S2 Coo} , 

du S3 - -^{dv S2 - 2 S3) - oi9„ S2 - oic^u S2 
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= -2f 0111 si +2 f 0100 S3 - J— — TT {si Cii + S3 Coo} , 

du S4 - -;^{dv S3 - S4) - oidu S3 - oidy S3 
= ~3 Foiii S2 + 2 f 0101 S3 + Toioo S4 ~ 2(1 ^ nQ) '^^ ~ 2 S3 Coi ~ S4 Coo} . 

These equations, referred to as the du-equations, will be read as a system of PDE's 
for the set of functions 

e"^oii e^oi7 e^ii, e^n, Foiab, ^iiabi C, Cab, s, Si, S2, S3, S4, 

which comprises all the unknowns with the exception of so. The following features of them 
will be important. 

All 9u-equations are interior equations on the hypersurfaces {w — wq} in the sense 
that only derivatives in the directions of u and v are involved. 

The equations are singular with terms occuring in various places. It will be seen 
later that these terms come with the 'right' signs to possess (unique) solutions which 
are holomorphic in u, v and w. Remarkably, the equations for the Sk ensure regular 
solution to have the correct tensorial behaviour by the occurrence of terms u^^ with 
factors dy Sk — (4 — fc) s^+i- By Lemma l4.1l we know that they have to vanish Uq. 

The system splits into a hierarchy of subsystems, with 

toi 00 EF = 0, i?oooooi — 0, 

being the first subsystem, 

^01 00 EF = 0, i?oioooi = 0, Soo = 0, Sqooo = 0, Soooi = 0, i?oooo = 0, 

being the second subsystem, and so on. The hierarchy has the following property. If so 
is given on {w — wq}, the first subsystem reduces to singular system of ODE's. Given its 
solution, the second subsystem also reduces to a system of ODE's (with coefficients which 
are calculated from the functions known so far by operation interior to {w = wo}), and so 
on. Thus, given so and the appropriate initial data on Uq D {w = wq}, all unknowns can 
be determined on {w — wq} by solving a sequence of systems of ODE's in the independent 
variable u. 

The functions e"" ab and Tabcd vanish on Uq by our gauge conditions. Therefore 
only initial data for (ab, s, and Sk need to be determined on Ug and the function so 
needs to be provided on {w = wq} ■ Since so will be prescribed on Wq as our initial datum, 
an equation is needed to determine its evolution off Wq. For this purpose we will consider 
the following equations. 

The equations Hk^bcd)^ = in the order /c = 0, 1, 2, 3: 

dw So - 77- (9i, si - 3s2) + e} iidu sq + ii9„ So - oi9„Si - e^oii^^Si (5.1) 



26 



= -(foiii-4f iioi) so-(2foioi+4f iioo) si+sfoioo S2+ -^^Q 4 + 2si Coi - 3 S2 Coo} : 

dw si - -;^{dy S2 - 2S3) + iidu si + ndy si - oi5„ §2 - e^oic^^^ S2 
2 u 

= riiii So — (2 f 0111 — 2 f 1101) si — 3 Fiioo S2 + 2 f 0100 S3 + j-^ — 2 "L^i Cii ~ 53 Coo} ) 

dw S2 - 77- (9« S3 - 2s4) + ii9„ S2 + nc^i, S2 - oi3,t S3 - oidv S3 
= 2 full si— Sf 0111 S2 — (2 fiioo— 2 f 0101) S3+f 0100 — ^ {3 S2 Cii — 2 S3 Coi — S4 Coo} , 

dw S3 - 77-9^ S4 + iia„ S3 + iidy S3 - oi9„ S4 - oi^^ S4 
2 u 

2/1 

= 3 Tun S2 - (4roiii + 2riioi) S3 - (rnoo - 4roioi) S4 + _ ^^-^ Us Cn - ^4 Coi} • 

All singular terms cancel in the equations = ^^o(sci3)fc+i + ^i(BCD)fci which are 
given in the order fc = 0, 1, 2 by 

dw So - £>„ S2 + ii9„ So + nd-u sq (5.2) 
= 4 fiioi So - 4 f 1100 si + 1^ 'f'^o + 2 si Coi - 3 S2 Coo} , 

dw si - 9„ S3 + iia„ si + n^u si 
= fun So + 2 f noi si - 3 f hqo S2 - 7- — {si Cii - S3 Coo} , 

(1 mC) 

dw S2 - duS4 + iidu S2 + nd^ S2 

= 2 fun si - 2 f hqo S3 + ^ {3 S2 Cii - 2 S3 Coi - S4 Coo} • 

(1 -A^C) 

We can consider (|5.1|l or (|5.2() as equation prescribing the propagation of sq transverse 
to the hypersurfaces {w = const.}. 

Because Tucd = on C/q, the equations Sn = 0, Sncu = 0, 5*11 = reduce on Uq 
to the ODE'S 

5toC = Cii, 9t« Ccu = sft-ncD - C (1 - C) siicD, dw s = -{I ~ ^iC) shcd C^'^ ■ 
By (|2.2|) . H2.15|l we must impose 

C = 0, Cas = 0, s{i) = -2 on / = {u = 0, i« = 0}. 
This implies with the equations above 

C = 0, Coi=0, Cii=0 on [/o = {u = 0}. (5.3) 
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To determine C, Cab, and s on Uq it remains to solve on Uq the equations 

dw Coo = s, dnjs ^ -S4 Coo- (5.4) 

The tensorial properties of Cab and s imply with (|5.3|l that 

c);'Coo = 0, a^s = on fJo for ?i > 1. (5.5) 

Later it will be important for that these relations can in fact be deduced from 1)5. 3|l . (|5.4(l . 
(|5.6() . and the initial conditions on J. 

To ensure the tensor relations for the Sk and thus the existence of regular solutions to 
the equation for the Sk, we determine the initial data for si, . . . , 54 on [/q by imposing the 
conditions 

dy Sk = (4:- k) Sk+i, k^Q,...,3, on Uq. (5.6) 
They imply recursively the expressions 

d:dlsk^^^^p^d^+"dPso, k = Q,..A, n,p>0 at {u = 0,v = 0,w ^ 0}. 

5.1 Calculating the formal expansion 

Since the equations are overdetermined there are various ways to determine a formal 
expansion of the solution. It will follow from Lemma [5.51 that the expansion obtained by 
the following procedure will lead to a formal solution of the full system of equations. A 
solution obtained by any other procedure with this property will thus have to coincide 
with the present one. It will be convenient to replace s by the unknown 

s = 2 + s. 

For certain discussions it is useful to write 

Sk ~ Sfc + Sk with dusl — and Sfc|u=o = Sfc|«=o so that Sk = 0{u) as u ^ 0. 
By (|5.t)|) we can then assume that 

9vsl = (4- fc)4+i, 

and the 9„-equations for the Sk can be written in the form 

4 — fc 1 

= -i?o(BCB)fc = du Sfc+1 + — — Sk+1 - — d„ Sk + e°oi djsl + h) 

£j U Zi Hi 

+terms of zeroth order, 

so that the coefficient (4 — k)/2 of the singular term u^^ Sfc+i is positive and the term 
dy Sk, which involves the unknown Sk determined in an earlier step of the integration 
procedure, creates no problem because Sfe = on [/q- Writing 

X = (e° AB, f ABCB, C, Cab, s, si, S2, 53, S4), 
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so that the fuU set of unknowns are given by x and sq, we proceed as follows. 

On Wq we prescribe so as given in (|4.1()|) with the null data P* satisfying the reality 
conditions and the estimates H3.11|l . By (|5.6|) all components of x can be determined on 
/. 

We successivly integrate the subsystems in the hierachy of (9„-equations to determine 
all components of x on M/q- These will be holomorphic in u and v and unique, because 
the relevant operators in the singular equations are of the form duf + cu^^ f with non- 
negative constants c (a proof of this statement follows from the derivation of the estimates 
discussed below). 

The equation i?oioo + ^looo = is used to determine d^SQ from the fields x and sq 
on Wq as a holomorphic function of u and v. 

Applying the operator formally to the -equations, one obtains equations for d^x 
on Wq which can be solved with the initial data on {w ~ 0,u = 0} which are obtained by 
using 15.4|l and by applying dw to H5.6|l . Applying dw to the equation i/oioo + ^^looo = 0, 
one obtains d^so on Wq. 

Repeating these steps by applying successively the operator 9^, p — 2,3, . . ., one gets 
an sequence of functions d^x, d^so on Wq, which are holomorphic in u and v. 

Expanding the functions so obtained at w = 0, u = we get the following result. 

Lemma 5.1 The procedure described above determines at the point O = (u = 0,v = 
0,w — 0) from the data Sq, given on Wq according to J^.i6] ), a unique sequence of expansion 
coefficients 

dJ^d^d^fiO), m,n,p = 0,1,2,..., 
where f stands for any of the functions 

e"" AB, r^scD, Ci Cab, s, sj. 

If the corresponding Taylor series are absolutly convergent in some neighbourhood P of 
O, they define a solution to the du-equations and to the equation -ffiooo = Q on P which 
satisfies on P DUq equations <5.6|) and En — 0, Sncu — 0, S'n = 0. 

By Lemma 14.11 all spinor- valued functions should have a specific w-finite expansion 
type. The following result will be important for our convergence proof. 

Lemma 5.2 // the data sq are given on Wq as in ^4.16^ , the formal expansions of the 
fields obtained in Lemma \5. 1\ correspond to ones of functions of v- finite expansion types 
given by 

ks^ = 4 - % - 2 - i, = 0, k, =ks<2, 
kfi ^~A-B, k,2 for AS = 01, 10 or 11. 

kf, =2-A-B, kf, ^l-A-B for A,B^Qorl. 

i OlAB ' i HAS ■' ' 

Remark 5.3 The scalar functions s, s should have expansion type ks — kg = 0. As 
pointed out below, this does not follow with the simple arguments used here. Since it will 
not be important for the following discussions, we shall make no effort to retrieve this 
information from the equations. 
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Proof. We note the following properties of u-finite expansion types: 

For given integer k the functions of expansion type k form a complex vector space 
which comprises the functions of expansion type < k. 

If the functions / and g have expansion type kf and kg respectively, their product / g 
has expansion type kfg = kf + kg. 

If / has expansion type kf, the function 9„/ has expansion type kf + 2. Conversely, 
if duf has expansion type kf + 2 and if the function independent of u which agrees on Uq 
with / has expansion type kf (for instance if f\u=o = 0), then / has expansion type kf. 

If / has expansion type kf and /|„=o = then i / has expansion type kf + 2. 

If / has expansion type kf, the function dyf has expansion type kf — 1. 

If / has an expansion type, the function dwf has the same expansion type. 

Applying these rules one can check that the expansion types listed above are consistent 
with the 9t(-equations, the equation iJiooo + -ffoioo = and the equations Su = 0, Shoo = 
used on Uq in the sense that all terms in the equations have the same expansion types. 

Assuming the given expansion types for the Sk, the 9„-equations for the Tabcd imply 
at lowest order in u that in general the fcf, must take the values given above. It 

° i ABCD " 

follows then from the 9„-equations for the e^^ at lowest order in u that the kga^^ must 
take in general the values above. The remaining 9„-equations then imply at lowest order 
the other expansion types. 

With these observations the Lemma follows from our procedure by a straightforward 
though lengthy induction argument. We do not write out the details. ■ 

The equation 

= S'oo = 9« S + (1 - ^C) SOOCD C'^'^, 

should imply more precisely kg =0, because the expansion type of the tensorial component 
soocD C*"^ should be 2. The contraction of the spinor fields on the right hand side implies 
cancellations which lower the expansion types of the contracted quantities on the right 
hand side. These cancellations cannot be controlled in the explicit expression 

= 9„s + (1 - /i C) (so Cii - 2 si Coi + S2 Coo), 

by the simple rules given above, they only suggest an expansion type ks < 2. Fortunately, 
this does not prevent us from determining the other expansion types. In the equation 

= Soon = 9„ Cii - s + C(l - mC) Soon, 
s is added to a field of expansion type 2 and the equation 

= Sii=dniS + siicDC'^^ =dnjS + siiiiCQo on Uq, 

is consistent with ks < 2. No further equation involving s is needed in the convergence 
proof. 

5.2 The complete set of equations on S 

Because only a certain subset of the system of equations has been used to determine the 
formal expansions of the fields, it remains to be shown that the latter define in fact a 



30 



formal solution to the complete system of conformal static vacuum field equations. To 
simplify stating the following result it will be assumed in this subsection that the formal 
expansions for 

e"" AB, ^ABCD, Ci Cab, s, Sj, 

determined in Lemma lS.ll define in fact absolutely convergent series on an open neighbour- 
hood of the point O, which we assume to coincide with S. There will arise no problem 
from this assumption because the following two Lemmas will not be used in the derivation 
of the estimates in the next section. 

Lemma 5.4 With the assumptions above the corresponding functions 

e"" AB, ^ABCD, Ci Cab, s, Sj, 

satisfy the complete set of the conformal vacuum field equations on the set Uo in the sense 
that the fields 

tAB^^ CD, Rabcdef, ^ab, ^abcd, Sab, Habcd, 
calculated from these functions on S \Uo have vanishing limit as u ^ 0. 

Proof. Because of the equations solved already and the symmetries involved, we 
only need to examine the behaviour of the fields 

^11^^ 01, RaBOIU, Sqi, SoiCD, 'S'oi, ^^l(BCD)fc, fc = 1, 2, 3, 

near Uq. 

With (|4.8|l . H4.9|l . (|4.11|) . (|4.12|) the 9„-equations imply for the frame and the dual 
frame coefficients the slightly stronger results (|4.6|l . (|4.7ll . A direct calculation gives then 

, EF or (E , F) (E ^ F) (E ^ F) EF la c a c \ ^( 

Eol ii = 2ioi^ 1 £1 '-iii^ 0^1 '-iii^ leo '~CF a (e ii^cG 01-e oi,ce = 

as M ^ 0. 

With the particular result 

toi 11 = Tom - i n,2 - eSi + 0{u^) = 0{u), 
2 2u 

follows 

^000111 — Tiioo.i 01 + riioo,2 oi — Toiooa ii ~ roioo,2 ii — Toioo^s 

— Tiioo Fiioo + 2 Foioo (Fnoi — Toin) — toi ii Tqioo ~ ^oi ii Tnoo ~ ^ ^ooii 

1 1 2 3 1 1 

= - — (riioo,2 — 2 Fiioi + 3 Foiii — - e 112 — - — e 11) — - sooii + 0{u) 
lu 2 Zu 2 

^ (dv du Fiioo - 2 9„riioi + 3 9„ Tom - ^ 9„ du n - ^ dl n - sooii ) = as u — > 0, 
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where the 9„-equations and the relation 9y si — 3 S2 on Uq are used to calculate the limit. 
Similarly, 

-Roioiii = 7r~ ^1101.2 — 7;— riiii — - soiii + 0{u) 
2u 2u 2 

^ ^ (9i,9nriioi -a„riiii - soiii) = as u^o, 

where the c^u-equations and the relation dy S2 — 2 S3 on Uq are used, 

^110111 = TT" ~ ^1111 + ^ ^ ^"^1111 - Sun) = as u ^ 0, 

2u 2 2 

where the 9u-equations and the relation dy S3 = S4 on Uq are used. 

By (I5.3|l and the remark following (|5.5|) we know that ( = 0, Coi = 0, Cii = 0, 
dy Coo = 0, dy s = on Uq. The 9„-equations and H5.6|l imply 

Soi = C - Coi + 0{u) l-dy Coo - Coi = 0, 
2u 2 

1 

^0100 



^ (dy Coo - 2 Coi) + 0{u) -> I (dy du Coo - 2 du Coi) = 0, 
I u 2 

:^{dy Coi - Cii) + ^ s + 0{u) -> i {dy du Coi - 9„ Cii + s) = 0, 



2u 

1 

^010 



2u ' ■ 2 ' ' 2 

-^9„Cll+0(^i)^-J 
2u 2 



Soiii ^ ^dy Cii + 0(u) ^ ^ dy du Cii = 0. 



5*01 = -^dy s + soiii Coo + 0{u) -^\{dyduS + 2 som Coo) = \ 9v {du s + sqoh Coo) = 0, 
2u 2 2 

as M ^ 0. 

With our assumptions (and formally setting S5 = 0) we get for /c = 0, . . . , 3 

7fe EE hni (-2 Ho{ABC)J = (6 - fc) 9„ s^+i - dy du Sk ~ (4: - k) fj, Sk+i Coo, 
f3k = lim (-2 i/uAsc) J = 2 s^ - 9^, 9„ Sk+i + (3 - fc) 9„ Sfc+2 - (3 - A;) ^ Sfc+2 Coo- 

-(i— >o 

The expected tensorial nature of sabcd and Habcd (cf. Lemma l4.1|l would imply 

4/3i = 9./3o - 9„7i +272, 12/32 = 9'/3o - 5^71 _ 29^72 + 473, 

24/33 = ai^/3o-a3 7i-292^2-8a,73 on C/q. 

It turns out that these relations can in fact be verified by a direct calculation with the 
expressions for 7fc, f3k obtained above. Because the equations used to establish Lemma 
15. II imply 7^ = 0, /3o = 0, it follows that /3i = /32 = /33 = so that in fact Habcd — > as 
u^O. ■ 

We can now prove the desired result. 
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Lemma 5.5 The functions 

e"' AB, ^ABCD, Ci Cab, s, Sj, 

corresponding to the expansions determined in Lemma lS. 1\ satisfy the complete set of con- 
formal vacuum field equations on the set S. 

Proof. It needs to be shown that the zero quantities 

ioi'^''^ii, Raboiu, Soi, Sii, SoicD, ^iicd, Sqi, Sh, Hiabcd, 

vanish on S. For this purpose we shaU derive a system of subsidiary equations for these 
fields. 

Given the fields 

e"" AB, ^ABCD, Ci Cab, s, sabcd, 

we have the 1-forms a^^ dual to bab and the connection form uj^ b = ^cd b f'^^ . 
To derive the subsidiary system we consider the torsion form 

r^AB 1 , AB no . RF 



and the form 



o*^ — 6^ —^uA CD f, I 

\l B = " s — " B — -^ti bcdefcf i\cr 



obtained as difference of the curvature form 

^ „CD . EF 

" BCDEFcr A a , 

and the form 

^ A f, EF 

" B — 2^ BCEcr pAcr 

The following general relations will be used: The identity a"- l\ l\ u'^ — e"''^ v with 
^ — \\ ^def cr'^ A cr*^ A (T-^ , which holds in 3-dimensional spaces. In space spinor form it takes 
the form 

^AB ^^CD ^^EF ^^ABCDEF^ with ,AB CD EF ^ (^^AC ^BF ^DE _ ^AE ^BD ^FC^^ 

v2 

which implies 

a^^ A Z3 A (7^^ = -z V2e^(C' ^e)b ^^.^h^BCE 

and thus 

CiA A ^BD 1 A RD ^ C . EF n 

si Bi^'y ~2 BCE(^ Act pAa = U. 

The equations 

in {a A 13) ^ in a A (3 + (— A in P, Lh a = {d o + in ° d) a, 
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which holds for arbitrary vector field H, fc-form a, and j-form f3. Finally, we note that in 
the presence of torsion the Ricci identity for a spinor field tE...H of degree m reads 

[Dab Dcd — Dcd Dab) ^■ef...h = — '-lf...h eabcd— I'El...h fabcd — ■ ■ ■ 

— l'EF...L HABCD — tAB CD DkL l'EF...H- 

We shall derive now the subsidiary equations. The fields and fi^ b satisfy the 

first structural equation 

and the second structural equation 

dw^ B = -w^ c A w*^ B + s, 
respectively. These equations imply 

d = 2 c A C7^)^ - 2 c A e^)^ = 2 c A a^'^ - 2 a;(^ c A 6^)^. 
We set H = cqo and observe that the gauge conditions and the i9„-equations imply 

^AB ^ A ^ B h AB A , ,A — C\ »■ C^AB _ n „' O*^ n 

It follows that 
and thus 

-CH<e^^,eoiAeii> = 
2 < 0, eoi A en > eo < 6^^, [H, eoi] A en > + < 9^^, eoi A [if, en] > • 
The first structural equation, the gauge conditions, and the 9„-equations imply 

= < e^^, HAecD> BEF = -TcD 00 esF - [H, eco], 

whence 

[H, eco] = —2 TcDoi eoo + 2 Fcdoo eoi. 

This implies 

Ch < e^^, eoi A en > = 2 Toioo < O^^, eoi A en > + 2 < 0*^^ o, eoi A en > eo 

i.e. ^ 

{du H — ) ^01 11 = 2 f 0100 ioi "^^11 + 2i?'^ ooi ii eo (5.7) 

u 

With the first structural equation we obtain 

- - 1 i 

dflAB — ljJ a/\^HB—OJ b/\^AH = -^Doh SABCDCr Act fAct = —j=H abe i^, 
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and from the second structural equation we get 

dflAB -Ui"aA Q.HB -Uj" B A flAH = 0, 

which give together 



'i^AB ~ A A ^*HB ~ '^^ B A fl*j^fj = p ABE f, 

v2 



and thus, with the equations above, 



{pu H — ) Raboi 11 = 2 f 0100 Raboi 11 + 7^ Hiabo- (5.8) 

The identity 

Dab ^cd — Dcd ^ab — tAB cd DefC + ^cdab — ^abcd, 
gives with the gauge conditions and the 9„-equations 

2 

du ^CD + — e(c ^D) ^01 = 2 FcDoo Sqi + Scdoo- (5.9) 

The identity 

Dab ^cdef — Dcd ^abef = —2 Ck{e f)abcd + tAB cd DghCef 

+ ScD h-ABEF — Sab hcDEF 

+(1 — 2^0 {Y^AB scDEF — ScD sabef) + C (1 " M C) {^ca Hbdef + eDB Hcaef), 
imphes with the gauge conditions and the 9„-equations 

2 

du ^CDEF H e(C ^D) ^OlEF = (5.10) 

u 

2 TcDOO ^OlEF + ScD hooEF — (1 " 2 /Z C) T,CD SOOEF + C (1 ~ M C) ^DO HcQEF- 

The identity 

Dab Scd — Dcd Sab = tAB cd Defs — n {Eab scdef — '^cd sabef} C^^ 

{l^AB^^ SCDEF — Scd Sabef + (ecA Hbdef + ^db Hcaef) C^^} , 
impUes with the gauge conditions and the 9„-equations 

5„5cD + -e(c°eD)'5oi = (5.11) 

u 

2 TcDoo 'S'oi + M ^cd sqqef C^^ ^ (1 ~ M C) {^cd sqoef — euo Hcoef C^^} ■ 
Finally we have the identity 

2 D^^ Hefab = —4 sk{bgh R^ a)^^ e^ + t^ f^^ eh Dkl sab (5.12) 
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{ 2 Hehab C^^ - 2 i? ^ Cb) } , 



1-mC 

where the right hand side is a hnear function of the zero quantities. The gauge conditions 
and the equations Hqabc ~ 0, -ffiooo — imply for the left hand side 

D^^ HefAB = 9u HiiAB + — {HiiAB + -ffllO(A ^B) °} ^ 9u + e" 0l5^") HiQAB (5.13) 

— 2 Fqioo HiiAB ~ ToioA HiiQB — ToioB ffllOA +roilA HiQQB +roiiB i/iooA +riioo HiQAB- 

Equations (|F7|) . (|FTI7|) . (|OT|l . and equation with ifCT^ observed 

on the left hand side provide the system of subsidiary equations. Note that the right hand 
side of this system is a linear function of the zero quantities. It implies with Lemma fS. 41 
that all zero quantities vanish on S. ■ 

If the series considered in Lemma f5.il are absolutely convergent it thus follows from 
Lemma 15.51 that they define in fact a solution to the complete set of static conformal 
vacuum field equations on S. 



6 Convergence of the formal expansion 

Let there be given a given sequence 

= {V'A2-B2AiSi, '0A3B3A2S2A1B1, ^AiBiAaB3A2B2AiBi, ■ • ■}, 

of totally symmetric spinors as in Lemma l3. II and set in the expansion (|4.1t)|) of so{u, v) 

^{AiBi ■ ■ ■ ^*A„,B„, S*ABCD)i^) = '4'AiBi...A,„B,„ABCD, "^ > 0. 

Observing the estimates (|3.11|l . one finds as a necessary condition for the function so on 
Wo to determine an analytic solution to the conformal static vacuum field equations that 
its non-vanishing Taylor coefficients at the point O satisfy estimates of the form 

|5™a^so(0)| =m!n!|V'™^„| < J^^™^^"^^ m!n!Mr7™, m > 0, 0<n<2m + 4. 

(6.1) 

A slightly different type of estimate will be more convenient for us. 

Lemma 6.1 For given pa ^ M., < po < , there exist positive constants r^, cq so that 
ifi.l]) implies estimates of the form 

\d:^d:som<co ^° m>0, 0<n<2m + 4. (6.2) 
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Proof. With ro ^ Ae^r^^ Po"^ and cq = l&Me^ p^^, the estimate 1 < f "^'') < 
22m+4^ which follows from the binomial law (1 + E^^ct" (^T^) the 

estimate > 1 + x, which holds for a; > 0, we get 

m!7i!A/rr" < 16 Mm! n!(4rri)'" = Com! (^) 

<Comln\- g— ^ , Vo , m>0, 0<n<2m, + 4. 

~ (1 + m)2 (1 + n)2' - ' - - 

■ 

The following Lemma provides our main estimates. 

Lemma 6.2 Suppose sq — sq{u, v) is a holomorphic function defined on some open neigh- 
bourhood U of O — {u — 0,v ~ 0,w — 0} in Wq = {w — 0} which has an expansion of the 
form 

oo 2m+4 
m— 71—0 

SO that its Taylor coefficients at the point O satisfy estimates of the type i)6'. with some 
positive constants Cq, rg, and po < 1/2. Then there exist positive constants r >rQ,p, cg" , 
c-y-abcd' '^i' ^^^^ expansion coefficients determined from sq m Lemma tfl\ 

satisfy for m,n,p — 0,1,2, .. . 

ic a: as s,m < c. (^^,/(jf;2;^\)2 ^ (6-3) 

and 

iara;a;./(o)i<.=, ^,„^,),;^,f4%,)„ (6.4) 

where f stands for any of the functions e^g, Tabcd, Ci ■S- 

Remark 6.3 Observing the v-finite expansion types discussed in Lemma \5.°A we can re- 
place the right hand sides in the estimates above by zero if n is large enough relative to m. 
This will not be pointed out at each step and for convenience the estimates will be written 
as above. The expansion types obtained in Lemma \5.'A will become important and will be 
observed, however, when we derive the estimates. 

We shall make use of arguments discussed in The following four Lemmas are 

essentially given in that article. 

Lemma 6.4 For any non-negative integer n there is a positive constant C independent 
of n so that 

^ 4-1 ^2/„ „ t, 1 ^2 



(fc + l)2(n-/c + l)2 - + 
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Proof. Denoting by [n/2\ the largest integer < n/2, we get with C = J2T=o (k+i)^ 
^ (fc + l)2(n-fc+l)2 - ^ (fc + l)2(n-fc + l)2 

[«/2] „ , 

- ^ (fc + l)2([n/2] + 1)2 - (n + 1)2 • 

■ 

In the following C will always denote the constant above. 

Lemma 6.5 For any integers m, n, k, j with < k < m, and < j < n resp. < j < 
n — 1 holds 

rn\ f n\ f m + n\ / m\ /n — 1\ fm + n 

)\])-\k + ]) ""''^^ \k)\ J )-[k + j 

Proof. This follows by induction, using the general formula ("+^) = (p + (^/'J, 
or by expanding {x + = (x + j/)™ [x + y)", using the binomial law {x + yY = 

If / is holomorphic on the polydisk P — {{u,v,w,) G C^| |u| < l/ri, \v\ < l/r2, \w\ < 
l/rs}, with some ri,r2,r3 > 0, one has the Cauchy estimates 

|9r5,"9S/(0)| <rr m! n!p! sup|/|, m, n,p = 0, 1, 2, . . . (6.5) 

p 

where O denotes the origin u = 0, v — 0, w = 0. We need a slight modification of this. 
Lemma 6.6 /// is holomorphic near O, there exist positive constants c, r^, po so that 



d: dl f{0) I < c ) 7f-'^^ ■ , m,n,p^ 0,1,2,... 

[m + 1)"^ (77 + 1)"^ [p + ly 



for any r > Tq, p > Pq. If in addition /(O, v, 0) — 0, the constants can be chosen such that 



1^" ^" ^ ^ (777 + 1)2(1+ 1)2 (;+l). ' rn,n,p = 0,1,2,... 



for any r>ra,p> po. 

Proof. Choosing an estimate of the type (|6.5|l with ri ~ r^ and setting c = 
a supp I/I, rg = e2 ri = rs, po — ''2 with some a > 0, one gets from (|6.5|) 

m-\-p / I '\ I n I 
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With a = 1 the monotonicity ofa::-^a;',<7>0,a;>0 imphes the first estimate. With 
a = ro the estimate above implies 

d: di /(o)i < c ■ ''^^"'^ ^"^ + ^° 



(m+l)2 (n + l)2(p+l)2 



If /(O, z', 0) = 0, then 9° 9" 9° /(O) = for n g A^o and the last relation remains true for 
m + p = 0, i.e. m = and p = 0, if ro and po are replaced by r > ro and p > po. If 
m + p > the result follows as above. ■ 

Lemma 6.7 Let m, n, p be non-negative integers and fi, i — \, . . . ,N , be smooth complex 
valued functions ofu, v, w on some neighbourhood U of O whose derivatives satisfy on U 
( resp. at a given point p Cz U ) estimates of the form 



. , , j.j+1+qi (j + nf^ 

Kd'^dlf,\<c, (^.^1)2(^ + 1)2(^ + 1)2 0<j<m, 0<fc<n, 0<;<p, 



with some positive constants Ci, r, p and some fixed integers qi (independent of j,k,l). 
Then one has on U ( resp. at p) the estimates 

„m+p+qi + ...+qM (m n\ \ n \ 

K' a; (/.....- < c"-" e. ..... « („^,).(„;,)4'';-^). (e.s) 

Remark 6.8 (i) Lemma \6. 7| remains obviously true if m, n, p are replaced in i|6'.6]] by 

integers m' , n' , p' with < m' < m, < n' < n, < p' < p. 

(a) By the argument given below the factor C^f^-i) in ^EIB 

can be replaced by 

(j{3~r)(N-i) -J J. ^j^^g integers m, n, p vanish. 

Proof. We prove the case N = 2. The general case then follows with the first of 
Remarks 16 . 81 bv an induction argument. With the estimates above and Lemmas (16. 4|) and 
()6.5|l we get on U (resp. at p) 



m n p 



< 



i^r (/i /2) I < E E E r u ; 1^" ' ' 

j=0 fe=0 1=0 ^ ^ ^ ^ 

™ " ^ 'm\ /n\ /p\ ci r^+'+9i (j + l)\p''k\ C2 r"'-^+P-^+i^ (^rn-j+p-l)\ p"-'^ (n - fc) ! 



EEE 



,=Ofc=0 /=0 Vfc/ \lj {j + l)Hk + l)m + iy (™_J + l)2(„_fc + l)2(p_; + l)2 



< E E E ^ ^ ' ^ (m + p) ! n ! 



f^otot^o iltf) u + i)Hk+ini+inm^j + inn-k+inp-i+iy 



3 +92 (to + p) ! p" n ! 

- '''''' (m + l)2(n + l)2(p+l)2 ■ 

We are now able to proof our main estimates. 
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Proof of Lemma 16. 21 The proof will essentially be given by induction with respect 
to m and p, following the procedure which led to Lemma 15.11 It is easy to see that the 
constants can be chosen to satisfy the estimates at lowest order. Leaving the choice of 
the constants open, we will derive from the induction hypothesis for the derivatives of the 
next order estimates of the form 

K- a; z /(o)| < c, A,. 

with certain constants Ag^^, Af which depend on m, n, p and the constants c^, Cf, r, 
and p. Sometimes superscripts will indicate to which order of differentiability particular 
constants Ag^,, Af refer. Occasionally we will have to make assumptions on r to proceed 
with the induction step. We shall collect these conditions and the constants As^^, Af, or 
estimates for them, and at the end it will be shown that the constants c^, c/, r, and p can 
be adjusted so that all conditions are satisfied and As^ < 1, ^/ < 1- This will complete 
the induction proof. 

In the following it is understood that as above a function in a modulus sign is evaluated 
at the origin O. The symbol x will stand for any of the fields 

e°AS, ^ABCD, Ci Co, Cl, C2, S, Si, S2, S3, S4- 

For the quantities which are known to vanish at / the estimates are correct for m — 0, 
p = 0. Since we consider s as an unknown and s(0) = —2 as part of the equations, we 
thus only need to discuss the Sk- They are given on / by 

It thus follows by our assumptions 

</^^o^Qf^f for n<4^k\ p-nl , 

-\ for n>4-fc j ' (n + 1)^ ^^-^ 

ATn=Q,p=0 _ ^0 „fc f, ^ "^0 „fc 
Ck Ck 

( (4-fc)! {n+ky. (n+lf ^ n<A-k] 

for n > 4 - fc 



with 



because 



We should study now under which conditions on the constants it can be shown by 
induction with respect to m that the quantities \d™ 9" 9° n S Nq, satisfy the estimates 
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given in the Lemma. We shall skip the details of this step, because the arguments used 
here are similar to those used to discuss the quantities |9™ d" dP,x\ for general p and the 
requirements obtained in that case are in fact stronger that those obtained for p — 0. 

It will be assumed now that p > 1, that the estimates for given in the 

Lemma hold true for m,n ^ N^, < Z < p — 1, and try to determine conditions so that 
the induction step p — 1 — > p can be performed. 

By taking formal derivatives of the equation 

= i?oioo + -H^iooO) 

we get with our assumptions 

+ d: (e' 11 5. so)\ + 4 |5™ 0^-^ (fnoi so + fnoo si)| 

+^l dl^ d^r' {so C2 + 2 si Ci - 3 S2 Co})|. 

For the first term on the right hand side follows immediately 

l^™+i .p-1 , < ^ r-+^ (m+p)!p"n! 
K a„a„ s,\<C2 (^_^2)2(n+l)V- 

A slight variation of the calculations in the proof Lemma FS . 71 gives 

\dTd:dl-'{e\^duSo)\< 

j=0 k=0 i=0 ^ ^ ^ ^ ^ ^ 

hhh (Iti) iJ + ^)Hk+^)^l+l)^m-J+2)^n^k+^)^p~l)^ 

3 r™+P-i(TO + p)!p"n! 

- " (m + 2)2 (n+ 1)2^2 ' 

where the sum over j has been extended in the last step to to + 1. 
Similarly one gets 

|ara„"ar'(e'iia„so)| < 

TO\ f n\ p ~ 1 



< 



j=0 k=0 1=0 
m n p— 1 fm\ (n 



(7) (fc) (' ; ') CO r™+P-2 (m + p - 1) ! (n + 1) ! 



™+P-i) ("+!) + 1)2 (A; + 1)2 {I + 1)2 (to - j + 1)2 (n - fc + 2)2 (p - /)^ 



j=o fe=o 1=0 V j+; 

C"* Ce2 Co 



(m + 1)2 {n + 2)2 p2 
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where the sum over k has been extended in the last step to n + 1 . 

We emphasis here again an observation which is important for us. By Lemma l5.2l the 
terms dl 9^ 9^ n and d™~^ 9""'^+^ d^~''~^ so in the second hne vanish if fc > 2j + l and 
n — fc + 1 > 2 (rn — j) + 4 respectively. This implies, consistent with Lemma 15.21 that the 
term on the left hand side vanishes if n > 2 m + 4. When we estimate the expression in 
the last line above we can thus assume without error that n < 2 m + 4. 

Lemma l6 . 71 implies immediately 

and, observing that C(0) =0, 

^i \d^ d: di-' (-^ {so C2 + 2 si Ci - 3 S2 Co})l 

CO 

< M E 1^™ ^" ((m 0' {so C2 + 2 Ci - 3 ,S2 Co}) I 

(=0 

< M E ^' 4 ^'^^^ (-0 cc. + 2 cc, + 3 C2 ccJ ^ , Jr^t \ ' 
z—^ s > ^ ^ (rn + 1)^ (n + 

3 r'"+f-2(m+p-l)!p"n! 
- 6 (CqC^s +2ciCfi +3c2C^o)- 



r 

where it is assumed that 

r > ^iCQ C^. 

Together this gives 

r™+P (m+p)!p"n! 



cgi Co 



(m + 2)2(n + l)2p2 

^m+p-l (to+p) 



(m + 2)2(n+l)2p2 

^3 r™+P-2(m+p_l)!pn+l(^_^;^)| 
+C Ce2 , , Co 



+4^'(coCf„„, +C1C. 



(m + 1)2 [n + 2)2 p2 

^m+p-2 (rn+p-l)\p^n\ 



riioi Tiioo^ (m + 1)2 (n + l)2p2 

M ^3/ o o ,r"+P-2 (to+p_ 1) Ipn^l 

(cocc.+2ciCc,+3c2CcJ (^ ^ 1)2 (, + 1)2 ^2 



with a factor 



r"+P (m + p)!p"n! 
(m + l)2(n+l)2(p+l)2 -0' 



C2 (m + l)2(p+l)2 1 (m + l)2(p+l)2 



Co (m + 2)2 p2 + ^ ^ 11 ^ 2)2 p2 
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1 _ ^i£L£l Co Co p^{m + p) 

r 

Recalling that we can assume n < 2 m + 4 in the third term on the right hand side, this 
finally gives 

■4; s " ^ + ; Q. + ^ + H c (cf + £1 c,„„) 

r 

We have the relations 

(4-fc)!„fc 
Sfe = — — o^jso on C/o, 

the equation = .ffoioo + -ffiooo reduces to 

dw So = du S2 + <i IJ- S2 Co on C/o, 

and we have seen that 

5^Co = on C/o. 
This implies for p > 1 the estimates 

\di disu\< {\di ar'^ ^^i + 3 ^ |5° sr'^ (52 co)i) 

f (4-fc)! „^ rPp!p"+'°(n+fc)! „ < 4 1, \ 

< J C2 4p^ (n+fe+l)2 ^^"^ n S 4 - fc I 

I for n > 4 - A; ( 



+ 



with 



3m^ECo ("7')l^"+'^»^2||a£-i-'Co| for n<2-fc 
for n>2-k 



Cfe r Ck Ck r Ck 



because 



r (lzM(n±Ml^Lhal(£^ for n<4-fcl^, 

fkn = \ n!(n+fc+l)2 4p2 — > < I, 

[ 0forn>4-fc J 

gj;„ = < 4! n!(n+fe+l)2p3 — / < 4. 

for n > 2 - A; 
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Prom the equation Shoo = 0, which reads 

Co = -2 + s on Uo, 

follows 

n I 

|a° 5," 5» Col = K {-2 + s)\^2 6^ < cc„ j^^^ 

with 

^TO=0,p=l 2 

Furthermore, for p > 2, 

KC.C^C0|-|C,d^ S\-Cs (^^^)2p2 ^^^0 (n+l)2(p+l)2^Co 



with 



The equation 5ii =0, which reads 

d^uS = -S4C0 on Z7o, 

implies 



\d?.d:!d,„s\ = o<c. 



--•'I - (n + l)2' 

and for p > 2 



19° as 5| = 19° ' (^4 Co)| < C c, c^, - 



(n + l)2p2 



-'^'(n + l)2(p+l)2^« 

with 

^m=0,p>2 _ 1 (^2 ^^4 C(^o (p + 1) ^ ^2 ^Co 

* r cj p'' ~ r Cg 

Having studied the quantities |a™ 9" 9^, a;| for m = 0, we shall now derive the condi- 
tions which arise from the requirement that we can obtain the desired estimates for these 
quantities inductively for all positive integers m. We shall provide detailed arguments only 
for some representative 5„-equations and just state the analogues results for the remaining 
equations. 

Multiplication of the equation 

duS-"^ 01 H — 01 = — Toioo + 2 Foioo oi, 
u u 
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with u and formal differentiation gives with Lemma 16.61 for m > 1 



IC d: dl e%i| < 5." dl foiool + 2™ la^-^ a," dl (foioo oi)|) 

m + 1 

1 / r^+J'-i (m + »)!p"7i! r™+P-3 + „ _ 1)1 p« 

< r~ - \- 2m a r~o r- - - — - 

- m + 1 V {m + 1)2 (n + If {p + If ^""'« {n + 1)2 (p + 1)2 

r"^+P-^{m+p)\p"n\ ,>i 
^^'"^ (m + l)2(n + l)2(p+l)2 s'oi^ 



with 



Cg^oi + 1 ^2 0100 ^ (^y^ ^ j,^ 



Proceeding in a similar way with the equations for the other frame coefRcients one gets 
for the factors which need to be controlled the estimates 

j^rn>l ^ '^f 0100 _|_ ^3 ^_ ^m>l ^ '"f lloo _|_ ^3 '"f lloo '"'^oi 

^01 ^11 ^11 



-^0100 ^11 T^C^i 

^01 ^11 



The same inequalities, with replaced by C2, are obtained in the case p — Q. In the last 
two inequalities the occurence of 1/r in both terms reflects the fact that ej^ and e\i are 
both of the order 0{v?') near O. 

Multiplication of the equation 

du f 0100 H — Toioo = 2 f oioo + t: 
u 2 

with u and formal differentiation gives for to > 1 

777 1 

l^r d: dl Toiool < ^^.(2 la™-^ a," aP ToiooI + t; W'^' dl so\) 
m + 2 2 

2to 3 2 r^^+P-^ {m + p - 1)1 p^-nl m r'^+P-'^ {m + p - 1)1 p" nl 

— TTT ^ 9~7 , 1 \9 / ; — 7v5 ^ TTT TTTV ' 



m + 2 roioo to2 (77 + 1)2 (p + 1)2 2 (to + 2) to2 (77 + 1)2 (p + 1)2 

^rn+p-l(,^^p)!^n^| ^^^^^ 
^roioo ^_ 1)2 _,_ 1)2 _^ 1)2 foioo' 



with 



^m>l^J_^3„ 2(to+1)2 ^ Co (to+1)2 



Toioo r2 0100 ^ (^y^ _|_ 2) (777 + p) Cp^^^^ 2 TO (to + 2) (to +p) 

Proceeding in a similar way with the equations for the other connection coefficients one 
gets for the factors which need to be controlled the estimates 

^™>i<^_^4^3 ^™>i<^+4^3 

Toioo ~ C" ^0100' Foioi ~ C" r ^0100' 

Toioo Toioi 
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Toiii ~ Cf, loioo' Tiioo — Cf, loloo' 

i 0111 i 1100 



Tiioi Cf, ' ^1111 Cf, 

i 1101 A 1101 J- 1111 J- 1111 

The same inequalities, with replaced by C^, are obtained in the case p = 0. Being 
slightly more generous, one gets inequalities which can be written in the concise form 

>i < c^^4^3 >i ^ 4cA+B+i ^S^, Cf,,,,c^,,,, ^ A,B = 0,1, 

ToiAB Cf, r TiiylB C.~ 

i OlAB i llAB i llAB 

where the c^+s, ca+b+i denote for suitable numerical values of the indices A, B the 

constants Cq, • . • , C4. 

The analogous discussion of the equations 

^uC = Co, 

^uCo = -C(l - mC) So, 

^uCi =-C(1-mC) Si, 

5«C2 = -2 + s-C(l-/uC) S2, 

duS-{l- nQ (sq Cii - 2 si Coi + S2 Coo), 

does not require new considerations. For the factors which need to be controlled we get 
the estimates 

^m>l,p>0 ^ f £Co 

>i >n f -^ + ^(^+C3£^) + 4mC6^ for m = l,n = 0,p = 0, 
"1 4 + ^3 «c^-) + ^ ^6 fifl otherwise 

Af>-^ < (! + 1 ^ ec)(^ + 2 ^ + 

We consider the 9„-equations for the curvature component si. Multiplication with 2u 
gives 

2u9„si + 4si = 9^ So + 2 we^ oi9„so + 2ue^oi9„so 
-8 u (Toioi So - Toioo si) - u — — — — {sq Ci - si Co} , 



which implies for m > 1 



5" 5£ sii < i^r 9£ sol 
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2 777 

+ 2^^ ^" ^" + ^" 

The terms arising here are estimated in a similar way as the terms in the curvature equation 
above. Again the expansion types allows one assumed that 0<n<2m + 4: — k. Again r 
is restricted to values with 

Proceeding similarly with the other 9„-equations for the curvature, the following estimates 
are obtained for the factors which need to be controlled. 

*i — ' f ^01 '-oi rf2 ^ 1 0101 ioloo' 

,1 rv3 4/X Co 
+ ;:2C ^ ^c,C3 (-CCi+CCo) 
r 

*2 ~ C2 r C2 r C2 r C2 °m C2 ioioo' 

1 2 U . Cn „ Ci „ s 

r 

^->l<£ip+ic3£2 8|^3£2 8 ^3 Ci 

*3 — ' ^ ^2 ^01 ' ^2 ioiii 10100' 

1 4/Z ,Ci , 

+ ;:2^ ^ ^c,C3 (-CC2+CCo) 
r 

^™>i<fip+ic3£^c,i +^C^^c,. +4c3(3-Cf +2^cr +Cf ) 

'^^^ ~ C4 r C4 01 C4 01 ^ C4 ^"m C4 "^^"loi '^^"i""'^ 

r 

This gives all the needed information. 

To arrange now the constants so that the induction argument can successfully carried 
out, we proceed as follows. The estimates for the decisive factors which have been obtained 
above are of the general form 

1 ^ 1 
A<a+-/3+^7, 
r 

with a, (3, and 7 depending on all the constants except r. If /? = and 7 = it suffices to 
ensure a < 1. In the other cases we require a <a where a is a given constant, a < 1, and 
then choose r large enough so that A < 1. A first set of conditions arising this way reads 
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'"'■P<a, ^p'=<l, ^p'=<a, 4^<a. 



Cfc+l Cfc Cfe Co 

These conditions can be satisfied simultaneously. The first equation implies Cfc > {p/aY cq- 
With 

a 

where < p, a < 1, the first two relations hold true, the forth relation implies < 
and with this restriction the third relation holds as well. We choose 



The conditions 



are met by setting 



The conditions 



p = Po, a=(4p2)i/3. 

2 8 
— < 1, — < a, 



CA+B , '^Cl+A+B , 4 D n 1 

< a, <a, A,B = u,l, 



are then dealt with by setting 



1 1 



The conditions 



'^foiAB = - "A+B, Cf ^^^^ = - Ci+A+B. 



^01 '^ll 



are satisfied by setting 



1 



^01 (J iOlOO' '^11 ' 



After this we choose some positive constants 

That these constants are not further restricted by the procedure reflects the fact that the 
corresponding functions vanish to higher order at O. Their choice aff'ects, however, the 
value of the constant r. After all constants except r have been fixed we can choose r so 
large that 

r > maxjro, /UC^C^}, 

and that all the A's are < 1. This finishes the induction proof. □ 

The following statement of the convergence result, obtained by using the t;- finite ex- 
pansion types of the various functions, emphasizes the role of v as an angular coordinate. 
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Lemma 6.9 The estimates i)6'. 5^) and jg.^l i /or i/ie derivatives of the functions Sk and f 
and the expansion types given in Lemma \5.^ imvlv that the associated Taylor series are 
absolutely convergent in the domain \v\ < \u\ + \w\ < for any real number a, 
< a < 1. It follows that the formal expansion determined in Lemma \5.1\ defines indeed a 
(unique) holomorphic solution to the conformal static vacuum field equations which induces 
the datum sq on Wq. 



Proof. The estimates (|6.3f) and (|6.4|l imply 

\f)^f)-^f)P . (n\\< ""^ {m + p)\ (g p)" n! 4-fc+2m+2p-n 

a* [m + ly [n + ly [p + ly 



^ ^ / i^^2( ^1^2/ [u2 fo-- "<2m + 4-fc, m,p = 0, 1, 2, . . . 
Q,4 K (m + ly (n + ly [p + l)'^ 

(7„ a^M^JI - ^fc,_2 (rri+l)2(n + l)2(p+l)2 

Cf (r/a2)™+P-i(m + n)!(ap)"n! , 
^ ^ ^_n2/^n2 \ 1 2 f""^ n<2m + fc/, m,p = 0,l,2,... . 

^ (to + 1)^ (n + 1)^ (p + 1)^ 

Since the other derivatives vanish because of the respective expansion types, the first 
assertion is an immediate consequence of the majorizations (|3.15l) . (|3.16|) . The second 
assertion then follows with Lemma [5.51 ■ 



7 Analyticity at space-like infinity 

Due to our singular gauge the holomorphic solution of the conformal static field equations 
obtained in Lemma lH^^ does not cover a full neighbourhood of the point i. To analyse the 
situation we study the part of the solution which we have obtained by the convergence 
proof in terms of a normal frame based on the frame cab at i and associated normal 
coordinates. We write the geodesic equation DiZ — for z°-{s) — {u{s),v, {s),w{s)) in the 
form 

rh^B ^ _2 m^^'TcD B m^^^ = -2 m^^F^^ b m^)^ - 2 TO^^fcz, b m^)^, 
With the explicit expressions for the singular parts, the system takes the form 



m 



00 I ^AB -1 



-AS 7 



■ 00 _ r) CD-p ™0S 
771 — — ZTO iC-D ijW J 



m + TO ^abj ™ — ^ — ZTO i CD ^ B m ' , 



"ab^ 

u 

2 

w = m 

u 



" -TO0iTO0i-2TO^^fcD'Bmi^. 



These equations have to be solved with the initial conditions 

u|.=o = 0, w\s=o^Q, (7.1) 
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for the curves to start at i. An arbitrary value 

vo = v\s=o, (7.2) 

can be prescribed to determine the i9„-9^-plane over i in which the tangent vector is lying, 
and an arbitrary choice of 

m^^\ — _ AB A B , AB A B ^ n 

can be prescribed to specify the tangent vector in the 9„-9,„-plane. Regularity and the 
equations require 

mo° = m|s=o = Mo, = 0, to"=w|s=o = wo- (7.3) 

If the frame cab at a point of I is identified with its projection into TiSc, then 
mo ^ Bab = mo ^ s*^ a{vo) b{vq) ccd = m*^^ cab, 

holds at i with 

*00 • *01 • *11 • 2 I • • / n 

m = uo, m =uoVq, m =uqVq+wq, uq 7^ 0. 

For arbitrarily given m*^^ G with 771*°" ^ this relation determines uq, vq, wq 
uniquely. Using cab = 01°' ab Ca,, the tangent vectors can be written m*"^^ cab = x"" Ca 
with 

= ^{wo + {vl-l)uo), = ^j={wQ + {vl + l)uo), x^ = \/2vqUq uo 7^ 0, (7.4) 
or, equivalently, 

»*°' = -^' "»<»"> = -ir|W' -<^"' = ^|^- + 

(7.5) 

The vectors .T"ca cover all directions at i except those tangent to the complex null hyper- 
plane (ci + ic2)"'" = {a(ci + ic2) + 603] a, 6 e C}. 

To determine the normal frame centered at i and based on the frame cab at i, we 
write the equation D±cab = for the normal frame as an equation for the transformation 
B & SL{2, C), which relates the frame cab to the normal frame cab = At^ b bcd- 
The resulting equation 

n — (+C J.D \ , nH -p CD ,E .F 
\J=—{t At Bj+m Lgh Ept At B, 

as 

can be written in the form g = —m^^TDE ^ ct^ b- Taking into account the structure 
of the connection coefficients, this gives 

iA _ ■'■ ™01 ^ Aj.0 ^DE r A Cv p.\ 

t B — m €1 t B — m I DE ct B- (,'.oj 



50 



This equation has to be solved along z(s) with the initial condition 

t^B\s=o^s''B{-vo). (7.7) 

The initial value problems above make sense because the functions e° ab and Tabc d 
are, by Lemma |6. 91 holomorphic near the point u — 0, v — vq, w — for any prescribed 
value of Vq. The singularity of the system at that particular point requires, however, some 
attention. 

We prepare the statement and the proof of the existence result, to be given in Lemma 
17.21 by casting the system of ODE's into a suitable form. It will be convenient to make 
use of the replacements resp. change of notation 

v^vo + v, m^^ ^m^^ +m'^^, (7.8) 

so that all unknowns vanish at s = 0. Furthermore, by setting 

e'XB{u,V,w) = e^s(u,Wo + V,w), tABCD{u,V,w) = tABCD{u,Vo + v,w), 

we define functions e^^, Tabcd of the new unknowns which are holomorphic near u = 
V ^ w = 0. The regular equations read with this notation 

u^uo + m"° + Wo e}i + 2 m"^ + e\i m". 



m^'o = -2 |uo wo fiioi + iio (2 foioi + f noi m") + wo (f noi + fun m°^) 

+2foioi + 2foiii m^^ + f noi m™ to" + fnn to"| 

The singular equations take the form 

uv = wP^ + u {wq Cab + 2 e^i mP^ + e\i m^"^) 

u TTiP^ — —uq m^^ — to"° m^^ + u |-ito wo f noo — Wq f im 
+U0 (2 foioo + f noo + wo (f noo - 2 f oni m"^ - 2 fnn m") 
+2 f 0100 to"i - 2 f 0111 to"^ m" + f noo m" - fnn to" to" } , 

u m" = -2 to"^ m°^ + 2u f noi + wo (2 f oioi m"^ + f noo + 2 f noi to") 
+2 f 0100 TO°i + 2 f 0101 TO°i to" + f 0100 + f 1101 to" to" } . 
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Finally, equation 1)7. 6|) reads 

5 = -i ei -4 ^0 ^ _ (2 ^oi f -4 ^ _^ f n c + f n ^ c) (7.9) 
u 

After applying ds resp. to the geodesic equations and restricting all equations to 
s = one obtains with the initial conditions H7.1|l . (|7.2|l . (|7.3f) the relations 

i;|.=o = 0, TO^^|,^o = 0, m|.=o = 0, (7.10) 

and, by taking a further derivative. 

This gives with the c^u-equations 



which can be determined from the null data. 

Because of Lemma l6.9l and the behaviour 1)4. 7|l . H4.13|l of the metric and the connection 
coefficients, which follows from the i9„-equations, there exist functions /, g, h, k, I which 
are holomorphic on a polycylinder P^' = {a; G C^| \xj\ < e'} with some e' > so that the 
equations above can be written 

u = Mo + m°" + MV, (7-12) 

ui) = m^^+u^g, (7.13) 

w = wo + m", (7-14) 

m™ = uh, (7.15) 

Mm°i -ito - TO°i + 1*2 fc, (7.16) 



= -2mOimOi + (7.I7) 

with /, 5, /i, fc, Z depending on the C^-valued function z{s) comprising our unknowns in 
the form 

zis) = iz^s)),=i_e = Hs), vis), wis), m°"(s), m'^^s), m"(s)), 

(which agrees after the replacement v v — vq in the first 3 components with the notation 
introduced earlier). 

If F stands for any of the functions /, g, h, k, I, then it has on Pe' an absolutely 
convergent expansion 

F= J2 

at = 0, where again the multi-index notation is used. If < e < e', there exists thus an 
M > so that 

sup V|F„||z"| <M. 

xeP, — 
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Lemma 7.1 Let p > be an integer and c and t real numbers which satisfy with the 
constant C of Lemma \6.4\ 

c>^, t>max{l,— }. (7.18) 

If the derivatives of the functions z^{s) at s — exist and statisfy the estimates 
|5^^|<c^-^, A:=l,...,6, k<p, 

then 

IW(.))U.o<c^^. 
//, in addition, u satisfies u(0) = 0, tt(0) = uq and 

t^-^ k ! 
(k+T) 

then 



\d^uis)U^o<Cj^-^^, 2<k<p, 



\dP{uF{z{s)))U=o<\uo\c^^ + c'C- 



p2 

forp > 1, where the second term on the right hand side is to be dropped if p < 2, and 
\dPiu'F{z{s)))U=o<2\uo\'c^^+Muo\c'C-^-^ + c'C' 



' (p+l)2 

for p > 2, where the second term on the right hand side is to be dropped if p < 3 and the 
third term is to be dropped if p < 4. 

In the following a function in the modulus sign has argument s — 0. 
Proof. Observing Lemma [6.71 and the subsequent remark, one gets 



\a\<p ^ 

by the choice of c and t. With Lemma r6.4l this gives 



cC ' \ t J ^{p+lf-cC 



3=2 



tp-i(p-l)! ^fp\ P-^ tP-^p - j)l tP-^p\ , tP--'p\ 
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and similarly 



JJ ^ \j, 

2^ |ar^i^(z)| +f] Q 2l\uo\ \di-'u\ \dr'Fiz)\ 

+E (;) E (') i^r'^(^)i 



Lemma 7.2 T/ie requirement that z{s) be a holomorphic solution of equations i7.1S^ - 
l |7. near s = satisfying x{0) = and 9su(0) = uo 7^ determines a unique formal 
expansion of z{s) at s — 0. There exist real constants c and t satisfying 

c > max{4 |uo|, 4 |?i;o|, |uoP | wo] \id'^so)u=o,v=vo,w=o\, i > max{l, 

' (7.19) 

with C the constant of Lemma \6.4\ so that the Taylor coefficients of z{s) at s ^ satisfy 
the estimates ^ 

<c^-j-^, g = 0,l,2,..., (7.20) 

and the Taylor coefficients of u{s) at s — satisfy in addition the estimates 

|ar^-|<c^!ii±^, 9 = 0,1,2,.... (7.21) 

It follows that for any given initial data iiQ, Vq, Wq with uq ^ there exists a number 
t = tliiOjVo^iho) and a unique holomorphic solutions z-'(s) = z^ {s,Uo,vo,wq) of the initial 
value problem for the geodesic equations with initial data as described above which is defined 
for \s\ < 1/t. The functions z^ (s, uq, Wq, u^o) in fact holomorphic functions of all four 
variables in a certain domain. 



Proof. The existence of a unique formal expansion follows immediately by applying 

for p = 1,2,3,... formally to equations H7.12(l - H7.17(l . restricting to s = 0, and 
observing 7^ and the initial data. 

That the estimates H7.20II hold for q = 0, 1 follows from the initial condition a;(0) = 0, 
the equations at s = and our conditions on c and t. That the estimates (|7.21ll hold for 
q = 0,1 follows from H7.10|l . (|7.11() . and our conditions on c and t. 

Let p > 1 be an integer. We show that c and t can be chosen such that the estimates 
(|7.20|) . (|7.21|) for q < p imply with the equations the corresponding estimates for p + 1. 
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From equation H7.15|l and Lemma 17.11 (with the provisos given there not repeated here) 
foUows 



ip+i 00, lap, Ml ^ I- I ^''"'P! , 2^ tP-^P^- ^ , tP{p + l)\ 
r TO \^\dPiuh)\<\uo\c^^ + c C < Aooc^-^^, 



with 

Similarly one gets from (|7.12() 



(p + 2)2 

+2KI c +4K|c C^^-p^+c C ^__^<^„c^-^, 

with 

and from 17.14|l 



< J |uo|(l + 4 |uo|) + ^ cC (1 + 4 Ittol) + ^c' C\ 



\f>P+i I nP ii|^ ^ , ^Mp+I)! 

w\ = \dPm \<cj-—^<A^c^-^, 

with 

_ 1 {p + 2)' ^ 2 

t {p+ir - f 

Applying to equation (|7.1t)|) and observing the initial conditions, gives at s = for 
p>l 

P+l / -,x 

{p + 2) ^0 dP+'m°' )dlu dP+^-^m°' 



i=2 



J 



whence 
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\uo\ lb + 3)2 (p + 2)2 J ' P^{p + 2) 

+4 c C — ; V TT-r c C — 7 — ^ — = Aoi c — --5- , 

(p + 2)3 |uo| (p + 2)3 b + 2)2 

with 



t iluol (P + 3)2' ' p2 J ^2 p_^2 t3|wo|p+2 

1 {2cC ,1 2cC c2c2 

< 7 ^+4|^o| 



t i |mo| ' 'J i2 i3|^g|- 

Similarly we get from (|7.13|) 

-^"^ (p + 2)2 ' 

with 

^01 12cC(p + 2)2 2|ito| (p + 2)2 4cC 1 c2 C2 1 



Ay 



ip+l)\uo\ t \uq\ (p + 3)2 t p{p+l) i2 t^\uo\p+l 
< V j9|uo| + 2 



1 r„,. , . 2cC _cC^1 cC_ ( J_1 c2 C2 f 1 1 



and finally from l|7.17|l 



3 

with 



1 r , 2cCl 2cC c2c2 
^11 < - <^ 18|uo| 



t I |uo| J t2 t^lMoT 

From the estimates for the A's it follows that given a choice of c which satisfies the first of 
the estimates (|7.19|l , we can determine t large enough such that the second of the estimates 
(I7.19() and the conditions 

Au, Ayj, Aqo, Aqi, All < 1, 
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are satisfied. With this choice the induction step can be carried out. 

It foUows immediately from estimates H7.20|l that the Taylor expansions of the func- 
tions at s = 0, z^{s) = X]^o '^p with -z^ = A d^z^{Q)^ are absolutely convergent for 
\s\<l/t. 

The coefficients — z^{uo, vq^wq) depend on vq via the expansion coefficients of the 
functions e^^, Tabcd- This implies a polynomial dependence of the on vq due to 
the w-finite expansion types of the functions e^^, Tabcd- The explicit dependence of the 
right hand sides of equations H7.12|l - (|7.17|l on uq and wq alone would lead to a polynomial 
dependence of the z^ on ug and wq. The occurence of the factors u on the left hand sides 
of equations H7.15|l - H7.17|l implies, however, that the z^ are polynomials in uq, vq, wq 
divided by certain powers of iiQ. 

The number t which restricts the domain of convergence ensured by our argument 
depends via e and M on vq, and via c and the A's on uq, 1/uq and wq with the effect 
that t — > oo as Uq ^ 0. It follows, however, from the form of the estimates H7.20|l and the 
way they have been obtained that for (uo,V(),wq) in a compactly embedded subset U of 
(C \ {0}) X C X C a common number t can be determined so that the Taylor series will be 
absolutely convergent for {s,uo,vo,wo) € Pi/t(0) x U. 

If K is compact in Pi/t(0) x U, there exists t' > t with K C Pi/t'{Q) x U and it follow 
from H7.2U|I that the sequence of holomorphic functions — X]p=o -^p^^ A/t(0) x U 
satisfies 

p—n+1 ^ ^ ' 

so that the converge uniformly to z^ on K . Standard results on compactly converging 
sequences of holomorphic functions ( 22 ) then imply that the z^ = z\s,uq,vq,wq) are 
holomorphic function of all four variables on Pi/t(0) x t/. ■ 

Lemma 7.3 Along the geodesic corresponding to s —> z^ {s,uq,vo,wo) equations {7.9}) 
have a unique holomorphic solution t^ b{s) — b{s, Uq, Wq, Wq) satisfying the initial con- 
ditions jy. 7| ). The functions t^ b{s, Uo,Vo, Wq) are holomorphic in all four variables in the 
domain where the z-' (s, mq, tiQ, Wo) holomorphic. 

Proof. By the previous discussion we have mP^ = 0{s^), u = 0{s) with mq so 
that mP^ /u — 0{s) as s ^ 0. It follows that equation H7.9|l is in fact a linear ODE with 
holomorphic coefficients and the Lemma follows from standard ODE theory. ■ 

For later use we note that H7.7|l . (|7.9|l imply as an immediate consequence that 

t-^^ b{s) ^ s^ b{vo) + 0{\s\^) as s ^ 0. (7.22) 

To discuss the transformation to normal coordinates the notation employed before the 
transition H7.8|l will be used again, so that 

s z°-{exp{sx°-Ca)) = z'^{s, uo, Wo, m), 
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denotes in the coordinates — u, z'^ — v, = w the geodesic which has at s = the 
tangent vector x°'Ca with a;" = x'^{uo,vo,'Wo) at i. We note that by the discussion above 

u{s,uo,vo,wq) = uas+0{\s\^), v{s,uq,vo,wo) = vq+0{\s\'^), w{s,uo,vo,wo) = wq s+0{\s\^). 

(7.23) 

In terms of the map H7.5|l the transformation of the normal coordinates x"^ centered 
at i and based on the frame Ca at i into the coordinates z"^ is the given by 

x'^ z'^ix^) = z'^il, u„{x^),vo{x^),wo{x")), (7.24) 

for small enough \x°'\ with x^ +i x"^ 7^ 0. The geodesies being given in normal coordinates 
by the curves s ^ sx"', this implies 

sx" z'^{l,UQ{sx''),vo{sx''),woisx'')) = z°'{s,uo{x''),vo{x''),wq{x'')). 

We use the relation on the right hand side to derive a convenient expression for the map 
(fT^ . Observing that 

uo{s x"^) — s uo{x'^), vo{s x"^) — vo{x'^), wo{s x"^) — s wo{x''), s G C, 

by H7.5|l . we write x" = s with s chosen so that uo(a;^) = 1, whence uo{x'^) — s, and get 
with the relation above the map H7.24|l in the form 

z^-ix") = z'^{l,uo{x''),voix''),wo{x'')) = z'^{s,uq{xI),vo{xI),wo{xI)) 

wo{x'') 



z^iiioix"), l,vo{x''), 



uoix") ' 



With (|T^ this gives, as \x\ = y/ 6ab x'' 0, x^ + i x'^ ^ 0, 

uix^)^~^^±^ + 0{\xn vix^) = -^^ + 0{\xn (7.25) 
y 2 x'- + I x^ 

M.') = ^ (X. - + + 0(N=, . + 0(N=). ,7.26) 

In the flat case the order symbols must be omitted in these expressions. 
With 1331, (|7:^ and 

1 dx"^ v 

du = ■j={dx^ +idx^) + 0{\x\^), dv = —= h —^^{dx'^ +idx^) + 0{\x\), 

V2 v2 u v2 u 

dw ^ (dx^ -idx^ -2vdx^ - v'^ {dx'^ +idx^)) + 0(\x\'^), 
v2 

one gets for the forms x"^^ — X^^ c dx'^ dual to the normal frame cab indeed 

X^B^X^-^ ^ ^-lA ^ ^-IB ^ ^^CB ^ ^ ^CD ^ ^ ^CD ^ ^ (^AS ^ ^ ^AB ^) ^^a ^ 
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with some functions aix'^) which satisfies x"^^ a = as \x\ 0. Correspond- 

ingly, the coefficients ~ < dx"", cab > of the normal frame in the normal coordinates 
satisfy 

C^ABix") = a'^AB + C^ABix"), 

with holomorphic functions ab{x'') which satisfy P ^5(2;'^) = 0(|xp) as \x\ 

Since the three 1-forms a^^ a dx"" are linearly independent this shows that for small 
Ix'^l the coordinate transformation a:" — > where defined, is non-degenerate and the 

forms x"^^ behave as required by normal forms in normal coordinates. The relations 
which characterize coefficients of normal forms in normal coordinates, are a consequence of 
the equations satisfied by z°'{s) and t"^ b{s)- All the tensor fields which enter the conformal 
static vacuum field equations can now be expressed in term of the coordinates x'^ and the 
frame field cab- 

All ingredients are now available to derive our main result. 

Proof of Theorem 11.11 The coordinates x"^ cover a certain (connected) domain U 
in C'^ on which the frame vector fields c"" ABd/dx" exist, are linearly independent and 
holomorphic and where the other tensor fields expressed in terms of the and cab are 
holomorphic. It follows from Lemmas 16.91 17.21 and 17.31 that given any initial data mq, 
Wo, with Mo ^ 0, there exists a solution z°'(s,uq,V{),wq) of the geodesies equations 
on the solution provided by Lemma |6.9I which is defined for \s\ < 1/t with some t > 0. 
The dicussion above shows, however, that t will become large if \vo\ becomes large or \uq\ 
becomes very small. This implies that the domain U will not contain the hypersurface 
x^ + ix'^ = but its boundary will become tangent to this hypersurface at x° = 0. 
From the estimates obtained so far it cannot be concluded that the coordinates extend 
holomorphically to a domain containing an open neighbourhood of the origin. 

To analyse this question, we make use of the remaining gauge freedom to perform with 
some t"^ B G SU{2) a rotation 6* ^ S* ■ t of the spin frame and the associated rotation 

t ,C ,D 

CAB Cj^g —t At B CCD 

of the frame cab at i on which the construction of the submanifold S and the related gauge 
is based. Starting with these frames at i all the previous constructions and derivations 
can be repeated. 

Let u', w', w' and e\g denote the analogues in the new gauge of the coordinates u, 
V, w and the frame cab- The sets {w — 0} and {w' — 0} are then both to be thought 
of as lift of the set A/i to the bundle of spin frames, the coordinates u and u' can both 
be interpreted as affine parameters on the null generators of J\fi which vanish at i, the 
coordinates u, v' both label these null generators, and the frame vectors cqo and ego can 
be identified with auto-parallel vector fields tangent to the null generators. 

If V and v' then label the same generator rj of Mi, a relation 

S^oiv') oiv') t^ct^ D CEF = 4o = /' 600 = /' o(v) o(v) CcD, 

must hold at i with some / ^ and Cqq — cqq must hold in fact along 77, with / constant 
along 77 because egg and eoo are auto-parallel. Absorbing the undetermined sign in /, this 
leads to 

t''cs^'oiv')^fs''o{v). 
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With 



c a 



) where a,c&C, |a|' = |c|2 = 1, (7.27) 



this gives 

-c + aw . 1 c + at;' 



V 



/ ^ - , - , resp. = — , f = a-cv'. 



a + cw a + ci; 

Moreover, the relations 

< du, eoo > = 1 = < dv! , Cqq > = < dw', ego >, 
imply for the affine parameters satisfy along 77 

so that w') = w) holds with these relations. We note that choices of b with 
c 7^ can supply new information, because then w —> 00 as w' —> a/c so that the singular 
generator of the Cyis-gauge, about whose neighbourhood we need information, is then 
contained in the regular domain of the c^^-gauge. 

For the null datum in the new gauge one gets with H4.16|l 

4(m', v') = S^„{v') ...S^ o{v') A---t" DS*E ...hW'^v') = f so{u, v) 

= E '""^ o{v) ...s^ o{v) Dl^^s^ . . . D\^B^ s\bcd) (0 

m=0 

= E oiv') s^^ oK) . . . oiv') Dl^^s^ . . . D\^B^ s\bcd){^, 

m=0 

and thus 

00 2 m+4 

sl{u',v')^Y. E (7.28) 

m— n— 

with 

^\aiBi ■ ■ ■ ^A^B^ s\bCD){''') = At t"^ Bi ■ ■ ■ D D*q^Hi ■ ■ ■ ^G^H,„ ^*LKMN){^)^ 

and 

^^ _ I (2m + A\ ^ . ^ 

^ ^(AiSi • • • *ABcn)„(*) 



TO ! \ n 



1 /2to + 4\ x-^ /2m + 4 



m \ n I '■ — ' \ 7 



,x 2m+4 
2 TO + 4^ 



j=0 
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It is convenient to write this in the form 



= {'Vy^ ('7^ (7.29) 



where the numbers 



2 m + 4\ /2 m + 



are so defined ((llj) that they represent the matrix elements of a unitary representation 
of SU{2) and thus satisfy 

\T2m+i' n{t)\<l, m-0,1,2,..., 0<j,n<2TO + 4. 

With the expressions above it is easy to see that the type of the estimate and the 

type of the resulting estimate H6.1|l are preserved under the gauge transformation. With 
(|7^ and iTT^ follows from at the point O' = [u' = 0, i;' = 0) 



2m+4 ^„ I 4\l/2 /n i 4\ "^/^ 

j=0 \ ^ / \ J / 



(7.30) 



/2m + 4\i/V2m + 4\i/2 ^ . . /2 m + 4\ V2 m + 4 



<rnlnlE[ 7) f / j M.^ < (^^ '^^ E ( 7 ) ^^^^^^ 

, , /2 m + 4\ , ^, _^ 
= m!n! Af'r. 



with M' = 16 M and rt = ri/4. 



Assuming now that c 7^ in (|7.27|) . the resulting c^^^-gauge can be studied from two 
different points of view: 

i) The singular generator of J\fi in the c^^-gauge will coincide with the regular gen- 
erator oi Mi on which v = —a/c in the c^iB-gauge. By starting from the solution in the 
CyiB-gauge, we are thus able to directly determine near that generator the transformation 
into the c^^-gauge and to determine the expansion of the solution in the CAB-gauge in 
terms of the coordinates m', v' , w' and the frame field e^^. 

ii) Alternatively, with the null data Sq{u' , v') at hand, one can go through the discus- 
sions of the previous sections to show the existence of a solution to the conformal static 
vacuum equations in the coordinates it', v' ^ w' pertaining to the c^^-gauge. All the ob- 
servations made above, in particular statements about domains of convergence, apply to 
this solution as well. Important for us is that this solution covers the generator v' = a/c 
near u' = and w' — 0, which corresponds to the singular generator in the c^s-gauge. 

Because the formal expansions of the fields in terms of u' , v', w' are uniquely deter- 
mined by the data Sq{u',v'), the solutions obtained by the two methods are holomorphi- 
cally related to each other on certain domains by the gauge transformation obtained in 
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(i). The solution obtained in (ii) can be expressed in terms of the normal coordinates 
and the normal frame field c\g so that the cover an certain domain Ut C and the 
frame field c\g is non-degenerate and all our tensor fields expressed in terms of x^ and 
c\g are holomorphic on Ut as discussed above. It follows then that the solution in the 
CAS-gauge and the solution in the c^^-gauge are related on certain domains by the simple 
transformation (cf. (|4.3|l 'l 

-A— la J. j-C 4-D „ 

— r (, X , —t At B CCD ■ 

Extending this as a coordinate and frame transformation to the solution obtained in (ii) to 
express all field in terms x° and cab so that they are defined and holomorphic on Ut, 
one finds that the solution obtained in (ii) and our original solution define in fact genuine 
holomorphic extensions of each other because each one covers the singular generator of 
the other one away from the origin in a regular way. 

By letting t"^ b go through SU{2) and observing the corresponding extensions, one 
obtains in fact a holomorphic solution to the conformal static vacuum field equations in 
the normal coordinates x° centered at i associated with the frame d* resp. cab at * on a 
domain which covers a full neighbourhood of space- like infinity. Consider again the solution 
we obtained in the c^s-gauge. From the discussion above it follows that the domain U 
in on which the solution is holomorphic in the coordinates x"" covers a (connected) 
domain U' of the hypersurface {x^ — 0} of C'^ which has empty intersection with the line 
{x^ + ix^ — 0, x^ — 0} (corresponding to the singular generator of the CAs-gauge) and 
whose boundary becomes tangent to this line at the origin x°' — 0. Under the transition 

uq ^ uq, vq^c^^^^vq, wq ^ e^^ wq, e R, 

which leaves the quantities \uo\, \vo\, |wo| entering the estimates above invariant, one gets 
by mi) 

x'^ + i x'^ x'^ + i x"^ , x^ - ix^ ^ e'-'^ [x'^ - ix^), x^^e'^x^. 

Thus the set U' can be assumed to be invariant under this transformation. 

Consider now the c^^-gauge where the special transformation t*^ b is given by H7.27|l 
with a = 0, c = I. Let [//. denote the subset of the hypersurface {xf. — 0} in analogous 
to U' . It has empty insection with the line {x], + ix^, = 0, a;^, — 0} but its boundary 
becomes tangent to it at x". =0. It holds 

4o = cii' 4i = -coi, c*i = Coo at i, 
and the corresponding normal coordinates are related by 

-yl /y.^ 2 3 3 

t* — , — 7 — ' 

The holomorphic transformation {x% = 0} 9 {x\,,x1,) {—x^,x'^) E {x^ — 0} maps C//. 
onto a subset of ~ x {0}, denoted by t*^^ [//. , which has non-empty intersection 
with U' . After the transformation above the two solutions coincide on t*~^ Uj., n U'. 

On the other hand, the image of the c^^-regular line {xj, — ixf* — 0, xf. = 0} n C//. 
under this transformation contains the intersection of a neighbourhood of the origin with 
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the singular line {x^ — ix^ — 0, = 0, 7^ 0} of the c^^-gauge. In fact, the set 
U'^, U [/', which admits a holomorphic extension of our solution in the coordinates x°' 
and the frame cab, contains a punctured neighbourhood of the origin. As we have seen 
above, the field cab on this neighbourhood extends continously to the origin. 

Let now 7^ be an arbitrary point in C^. We want to show that the solution 
extends in the coordinates to a domain which covers the set s for < |s| < e for 
some e > 0. Since x% = y°' + i z°- with y'^, e there is a vector u"- G M.^ of unit length 
and orthogonal to with respect to the standard product u ■ x — 5abu"'x^. Consider 
the c^^-gauges with b & SU{2) so that t = t'''-" bu'' = S'' 3. It follows then that 

— t^^"" b G — 0} and by the preceeding observation b can in fact be chosen 
such that there exist an e > so that the points sx%^ with < |s| < e are covered by 
U[. Transforming back we find that the set L/ G covered by the coordinates x"" can 
be extended so that the points sx% with < |s| < e are covered by U and all field are 
holomorphic on U in the coordinates a;". It follows that we can assume U to contain a 
punctured neighbourhood of the origin in which the solution is holomorphic in the normal 
coordinates and the normal frame cab- Since holomorphic functions in more than one 
dimensions cannot have isolated singularities (|15n the solution is then in fact holomorphic 
on a full neighbourhood of the origin x° = 0, which represents the point i. 

By Lemma 13.11 the exact sets of equations argument determines from null data satis- 
fying the reality conditions a formal expansion of the solution with expansion coefficients 
satisfying the reality conditions. By the various uniqueness statements obtained in the 
Lemmas this expansion must coincide with the expansion in normal coordinates of the 
solution obtained above. This implies the existence of a 3-dimensional real slice on which 
the tensor fields satisfy the reality conditions. It is obtained by requiring the coordinates 
to assume values in R'^. □ 
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